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For an odd prime and each non-empty subs&tc GF(p), consider the hyperelliptic cuni&s defined byy? =
fs(x), wherefs(z) = [],cs(x — a). Using a connection between binary quadratic residue codes ancehitier
curves overGF'(p), this paper investigates how coding theory bounds give rise to boumntisasuthe following
example: for all sufficiently large primgsthere exists a subsét C GF(p) for which the bound X s(GF(p))| >
1.62p holds. We also use the quasi-quadratic residue codes defined belowstiouct an example of a formally
self-dual optimal code whose zeta function does not satisfy the “Rielmgoothesis.”
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A long standing problem has been to develop “good” binanrydircodes to be used for error-correction.
This paper investigates in some detail an attack on thisl@molising a connection between quadratic
residue codes and hyperelliptic curves. Codes with thig kihrelationship have been investigated in
Helleseth (H), Bazzi-Mitter (BM), Voloch (V1), and HellgbeVoloch (HV). This rest of this introduction
is devoted to explaining in more detail the ideas discusséatér sections.

LetF = GF'(2) be the field with two elements ard C F" denote a binary block code of length
For any twox,y € F", letd(x,y) denote theHamming metric

dx,y) ={1<i<n |z #y}l 1)

The weightwt(v) of v is the number of non-zero entries of The smallest weight of any non-zero
codeword is denoted - the minimum distance i€’ is linear. WhenC' is linear, denote the dimension of
C by k and callC an|n, k, d]z-code.

Denoting the volume of a Hamming sphere of radiu F™ by V (n,r), the binary version of the
Gilbert-Varshamov bounasserts that (givem and d) there is an[n, k,d]; code C satisfyingk >

logg(w%;n) (HP).

Conjecture 1 (Goppa’s conjecture (JV),(G)) The binary version of theb@it-Varshamov bound is asymp-
totically exact.
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For each odd primg > 5, a QQR cod® is a linear code of lengtp. Like the quadratic residue codes,
the length and dimension are easy to determine but the mimidiigtance is more mysterious. In fact,
the weight of each codeword can be explicitly computed imgeof the number of solutions in integers
modp to a certain type of (“hyperelliptic”) polynomial equatiofo explain the results better, some more
notation is needed.

For our purposes, yperelliptic curveX overGF(p) is a polynomial equation of the forp? = h(z),
whereh(z) is a polynomial with coefficients i6/F'(p) with distinct root§”. The number of solutions
to y?> = h(z) modp, plus the number of “points at infinity” oX, will be denoted X (GF'(p))|. This
quantity can be related to a sum of Legendre characters @aenk 3 below), thanks to classical work
of Artin, Hasse, and Weil. This formula yields good estinsdta | X (GF (p))| in many cases (especially
whenp is large compared to the degreeldf A long-standing open problem has been to improve on the
trivial estimate whem is small compared to the degree/of

For each non-empty subs8tC G F(p), consider the hyperelliptic cun& s defined byy? = fs(x),
wherefs(z) = [[,cg(z—a). Let B(c, p) be the statemenEor all subsetsS C GF(p), | Xs(GF(p))| <
¢ - p holds. Note thatB(2, p) is trivially true, so the stateme®(2 — ¢, p), for some fixed > 0, might
not be horribly unreasonable.

Conjecture 2 (“Bazzi-Mitter conjecture” (BM)) There is @ € (0, 2) such that, for an infinite number of
primesp the statemenB(c, p) holds.

It is remarkable that these two conjectures are relatedadt) tising QQR codes we show that if, for
an infinite number of primeg with p = 1 (mod 4), B(1.77,p) holds then Goppa’s conjecture is false.
Although this is a new result, it turns out that it is an easysemuence of the QQR construction given in
(BM) if you think about things in the right way. Using LQR cai we will remove the conditiop = 1
(mod 4) at a cost of slightly weakening the constarit7 (see Corollary 2).

The spectrum and Duursma zeta function of these QQR codesissded in Section 3 below and some
examples are given (with the help of the software packs&€E (S)). We show that the analog of the
Riemann hypothesis for the zeta function of an optimal fdlyreelf-dual code is false using the family
of codes constructed k2. The section ends with some intriguing conjectures.

We close this introduction with a few open questions whichthe basis of this result, seem natural.

Question 1 For each primep > 5 is there an effectively computable subsetc GF(p) such that
| Xs(GF(p))|is “large™?

Here “large” is left vague but what is intended is some qugnthich is unusual. By Weil's estimate
(valid for “small”-sized subset$’), we could expect abouyt points to belong td Xs(GF(p))|. Thus
“large” could mean, say; ¢ - p, for some fixed: > 1.

The next question is a strong version of the Bazzi-Mittefjecture.

Question 2 Does there exist a < 2 such that, for all sufficiently large and allS ¢ GF(p), we have
| Xs(GF(p))| < c-p?

In the direction of these questions, for Question 1, a codivepry bound of McEliese-Rumsey-
Rodemich-Welsh allows one to establish the following rege Theorem 2)There exists a constant

O This code is defined if2 below.

(@ This overly simplistic definition brings to mind the famous Kefilein quote: “Everyone knows what a curve is, until he has
studied enough mathematics to become confused through théessunumber of possible exceptions.” Please see Tsafsman-
Vladut (TV) or Schmidt (Sc) for a rigorous treatment.

(i) These codes will be defined §4 below.
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po having the following property: ip > po then there exists a subs&tC GF(p) for which the bound
| Xs(GF(p))| > 1.62p holds Unfortunately, the method of proof gives no clue how to catep, or S.
Using the theory of self-dual codes, we prove the followimgér bound (Corollary L)tff p = 3 (mod 4)
then there exists a subsgtc GF(p) for which the boundXs(GF(p))| > 5p — 4 holds Again, we do
not know whats is.

Finally, Felipe Voloch (V2) has kindly allowed the authorinclude some interesting explicit construc-
tions (which do not use any theory of error-correcting cydtethis paper (seé5 below). First, he shows
the following result:If p = 1 (mod 8) then there exists an explicit subs&tc GF(p) for which the
bound|Xs(GF(p))| > 1.5p holds. A similar result holds fopp = 3,7 (mod 8). Second, he gives a
construction which answers Question 2 in the negative.

1 Cyclotomic arithmetic mod 2
Let R = Flz]/(a? — 1) andrg € R denotes the polynomial

rg(z) = in,
i€S
whereS C GF(p). By convention, ifS = () is the empty setys = 0. We call|S| the weightof rg,
denotedwt(rg). For the set) of quadratic residues i@ F'(p)* and the sefV of non-quadratic residues
in GF(p)*, we havewt(rg) = wt(ry) = (p—1)/2. Note that? = ro5, where2S is the set of elements

2s € GF(p), for s € S. In particular, using the quadratic reciprocity law and flaet thatQ) C GF'(p)*
is a subgroup, one can easily show that the following arevatgrit:

[ ] Té:TQ,
e 2c(@Q
e p=+1 (mod 8).

Moreover, if2 € N thenr?2 =ry.
Let S, S1,52,5] denote subsets @ F'(p), with S; N .S] = @, and letS¢ = GF(p) — S denote the
complement. Fot € GF(p), let

H(S1,52,a) = {(s1,82) € S1 x Sa|s1+s2=a (modp)}.
In particular,
o H(S1,52,a) = H(S2,51,a),
e there is a natural bijectio”l (GF (p), S,a) = S,
e if Sy NS =0thenH(S1,S52,a)+ H(S],S2,a) = H(S1 + 5], S2,a).

Let

h(Sl,Sg,a) = ‘H(517SQ7CL>| (mod 2)
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Adding |H(S1, Se,a)| + |H(SY, S2,a)| = |Sa| to |H(SY, S5, a)| + |H(SY, Se, a)| = |S§|, we obtain

h(S1,52,a) = h(S7, 95, a) 4+ |ST] + |S2|  (mod 2). )
From the definition of-g,
rg, (x)rs, (x) = Z h(S1,S2,a)z
a€GF(p)

inthe ringR. Letx : R — R denote the involution defined lys)* = rsc = rs + rgp(,). We shall see
below that this is not an algebra involution.

Lemmal Forall 51,5, C GF(p), we have
e |S1| 0dd,|S;| even:rs, rs, = rg r§, has even weight.
e |S1| even,Sy| even:(rg,rs,)" =5 5, has even weight.
e [Si] even,[Ss| odd: rg, s, = 1§, 75, has even weight.
e |S1]0dd,|S>| 0dd: (rg,7s,)" = 15,5, has odd weight.

This lemma follows from the discussion above by a straightfod argument.
Note thatR.,., = {rs | |S] even}, is a subring ofR and, by the previous lemma,is an algebra
involution oNR.yen.

2 QOR Codes

These are some observations on the interesting paper by 8ar&itter (BM). We shall need to remove
the assumptiop = 3 (mod 8) (which they make in their paper) below.

If S C GF(p) letfs(x) =]],es(x—a) € GF(p)lz]. Lety = () be the quadratic residue character,
which is1 on the quadratic residuég C GF(p)*, —1 on the non-quadratic residuds Cc GF(p)*, and
is0on0 € GF(p).

Define

Cnq ={(rnrs,rqrs) | S € GF(p)},

whereN, @ are as above. (We identify in the obvious way each pairrs, rgrg) with an element of
F?P. In particular, wherf is the empty set(ry7s, rqrs) is associated with the the zero vectoififr.)
We call this aQQR codgor aquasi-quadratic residue cojleThese are binary linear codes of lenggh
and dimension

ol P ifp=3 (mod 4),
Tl p—1, ifp=1 (mod4).

This code has no codewords of odd weight.

Remark 1 If p = £1 (mod 8) thenC\n( “contains” a binary quadratic residue code. For such primes
p, the minimum distance satisfies the well-known squarelowatr boundd >  /p.
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The self-dual binary codes have useful upper bounds on thigimum distance (for example, the
Sloane-Mallows bound Theorem 9.3.5 in (HP)). Combining thith the lower bound mentioned above,
we have the following result.

Lemma 2 If p =3 (mod 4) then
d<4-[p/12] + 6.

If p=—1 (mod 8) then
VB <d< 4 [p/12] +6.

Note that these upper bounds (in the cases they are valid)edier than the asymptotic bounds of
McEliese-Rumsey-Rodemich-Welsh for rat codes.

Example 1 The following computations were done with the helBAGE. Wherp = 5, C'ng has weight
distribution
[1,0,0,0,5,0,10,0,0,0,0].

Whenp = 7, C'ng has weight distribution
[1,0,0,0,14,0,49,0,49,0,14,0,0,0, 1].
Whenp = 11, Cny¢ has weight distribution
[1,0,0,0,0,0,77,0,330,0,616,0,616,0, 330,0,77,0,0,0,0,0, 1.
Whenp = 13, Cy¢ has weight distribution
[1,0,0,0,0,0,0,0,273,0,598,0, 1105, 0, 1300, 0, 598, 0, 182, 0, 39, 0, 0,0, 0, 0, 0].
The following well-known resuft) shall be used to estimate the weights of codewords of QQRscode
Lemma 3 (Artin, Hasse, Weil) Assunte C GF(p) is non-empty.
e |S|even:
S x(fs(a)) = —p — 2+ | Xs(GF(p)).
a€GF(p)
e |S| odd:
> x(fs(a) = —p—1+4|Xs(GF(p))l-
a€GF(p)

[S|=1
2

e |S| odd: The genus of the (smooth projective model of the) cyirve fs(z)isg = and

ST x(Us@)] < (1] - D)p*2 + 1.

a€GF(p)

M) See for example Weil (W) or Schmidt (Sc), Lemma 2.11.2.
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e |S| even: The genus of the (smooth projective model of the) gidrve f5(z) is g = 'S‘Tﬂ and

Y x(fs@)] < (151 = 2)p' /2 + 1.
a€GF(p)

Obviously, the last two estimates are only non-trivial $otsmall” (e.g.,|S| < p'/?).

Lemma 4 (Bazzi-Mitter (BM), Proposition 3.3) Assur@@nd —1 are non-quadratic residues mad(i.e.
p =3 (mod 8)).

If ¢ = (ryrs,rors) is a nonzero codeword of thép, p] binary codeCn¢ then the weight of this
codeword can be expressed in terms of a character sum as

wt(c) =p— Z x(fs(a)),

a€GF(p)

=p+ Y, X(fse(a

a€GF(p)

if |.S| is even, and

if |.S] is odd.
In fact, looking carefully at their proof, one finds the fallimg result:
Proposition 1 Letc = (rn7g,rgrs) be a nonzero codeword 6fy .

(a) If|S]is even

wt(e)=p— Y x(fs(a) =2p+2—|Xs(GF(p))|.

a€GF(p)
(b) If |S|isodd andp =1 (mod 4) then the weight is
wt(e) =p— Y x(fs(a)) =2p+2—|Xs(GF(p))|.
a€GF(p)
(c) If|S]is odd andp = 3 (mod 4) then
=p+ Y X(fse(a)) = |Xs:(GF(p))| — 2.
a€GF(p)

Proof: If A, B C GF(p) then the discussion ifll implies

wt(rarg) = Z parity |A N (k — B)], 3
kEGF(p)
wherek — B = {k —b| b € B}. LetS C GF(p), then we have

p — wt(rors) — wt(ryrs) = Z (1 — parity |Q N (a — S)| — parity [N N (a — S)|).
a€GF(p)
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Let
T,(S) =1 — parity |@ N (a — S)| — parity [N N (a — 5)|.

Case 1.If |S|is even andi € S then0 € a — S s0|Q N (a — 5)| odd implies thatN N (a — )| is
even, sincéd is not included iR N (a — S) or N N (a — 5). Likewise,|@ N (a — S)| even implies that
N N (a—S)|is odd. Thereford,(S) = 0.

Case 2.If | S| is even and: ¢ S then parity|Q N (a — S)| =parity)N N (a — S)|. If |Q N (a — 5)|is
even therl,(S) = 1 and if|Q N (a — 5)| is odd thenl,(S) = —1.

Case 3. |S| is odd. We claim thata — S)¢ = a — S°. (Proof: Lets € S ands € S°. Then
a—s=a—5 = s =5, which is obviously a contradiction. Therefofe — S) N (a — S¢) = 0, so
(a —85)° D (a — S°). ReplaceS by S¢ to prove the claim.) Also note that

QN@-9)uU(@n(a—S))=GF(p)nQ=Q

has|Q| = %1 elements|( denotes disjoint union). So

parity |Q N (a — S)| = parity |@ N (a — 5°)]
if and only if | Q| is even and

parity |Q N (a — S)| # parity |@ N (a — S°)|
if and only if and only if|@] is odd.

Conclusion.
X
Sleven: T,(S) = —
5 s- 11 (%)

r€a—S
|S|oddand p =3 (mod 4): T,(S) = —T,(5°)
|[Sjoddand p=1 (mod 4): T,(S) = To(S°)

The relation betweemwit(c) and the character sum follows from this. For the remaining gfthe equa-
tion, use Lemma 30

Remark 2 It can be shown, using the coding-theoretic results abdwag,if p = —1 (mod 8) then (for
non-emptyS) Xs(GF(p)) contains at least/p + 1 points. This also follows from Weil's estimate, but
since the proof is short, it is given here.

What part (c) of Proposition 1 gives is thatpf = —1 (mod 8) and |S| is odd thenXs(GF(p))
contains at least/p + 2 points. If|S| is even then perform the substitution= a + 1/z, y = 3/z!°
on the equation? = fs(x). This creates a hyperelliptic curv& in (z,7) for which | X (GF(p))| =
| Xs(GF(p))|and X = Xg/, where|S’| = |S| — 1 is odd. Now apply part (c) of the above proposition
and Remark 1 to(g,. O

Remark 3 If |S| = 2 or |S| = 3 then more can be said about the character sums above.

If |S| = 2then}_, x(fs(a)) can be computed explicitly (it is “usually” equal tel - see Proposition
1in(Wa)). If|S| = 3then}_  x(fs(a)) can be expressed in terms of a hypergeometric fungtigrover
GF(p) (see Proposition 2 in (Wa)).

As a consequence of this Proposition and Lemma 2, we havelbwing result.
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Corollary 1 If p =3 (mod 4) thenmaxg |Xs(GF(p))| > 2p — 4.

Example 2 The following examples were computed with the helRASE.
If p=11andS = {1,2,3,4} then

(rs(z)ry (), 7s(2)rq(z))
=@+ +2a"+a+ 2+t + 2+ 1,20+ 2% 2T a2+t + 1),

corresponds to the codewof(d,0,1,0,1,1,1,1,0,1,1,1,1,0,1,0,1,1,1,0,1,1) of weight16. An ex-
plicit computation shows that the character s, ;#(11) X(fs(a)) is —5, as expected.
Ifp=11andS = {1,2,3} then

10—|—.I8+£E6+133+I2+I—|—1).

(rs(x)rn(z),rs(@)rg(z)) = (2° + 2" +2° + 2* + 23 + 2% + 2,2
corresponds to the codewofd, 1,1,1,1,1,0,1,0,1,0,1,1,1,1,0,0,1,0,1,0,1) of weight14. An ex-
plicit computation shows that the character i, (1) X(fs<(a)) is 3, as predicted.

Recall B(c, p) is the statementXs(GF(p))| < c-pforall S C GF(p).

Theorem 1 (Bazzi-Mitter) Fixc € (0,2). If B(c,p) holds for infinitely many with p = 1 (mod 4)
then there exists an infinite family of binary codes with gsgtic rate R = 1/2 and relative distance
§>1-¢.

= 2

This is an easy consequence of the above results and isiaigent(BM) (though they assumg = 3
(mod 8)).

Theorem 2 If B(1.77, p) is true for infinitely many primeg with p = 1 (mod 4) then Goppa’s conjec-
ture is false.

Proof: Recall Goppa’s conjecture is that the binary asymptotibési-Varshamov bound is best pos-
sible for any family of binary codes. The asymptotic GV bowtates that the rat® is greater than or
equal tol — H(¢), where

H(5) = 8 — §log,(6) — (1 — &) log,(1 — 4)

is the entropy function (for a binary channel). Thereforarding to Goppa’s conjecture,if = % then
the best possiblé is §p = .11. Assumep = 1 (mod 4). Goppa’s conjecture implies that the minimum
distance of our QQR code with raie= % satisfies] < dg - 2p = .22p, for sufficiently largep. Recall that
the weight of a codewords in this QQR code is given by Lemma 3, f6rC GF(p). B(1.77,p) (with
p=1 (mod 4)) implies (for allS C GF(p)) wt(cs) > 2p — | Xs(GF(p))| > 0.23p. In other words, for
p =1 (mod 4), all nonzero codewords have weight at I€a88p. This contradicts the estimate abadve.

Using the same argument and the first McEliese-Rumsey-Ristieielsh bound ((HP), Theorem
2.10.6), we prove the following unconditional result.

Theorem 3 For all sufficiently large prime9 for whichp = 1 (mod 4), the statemenB(1.62,p) is
false.
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Proof: If a prime p satisfiesB(1.62, p) then we shall call it “admissible.” We show that the statetmen
“B(1.62,p) holds for all sufficiently large primeg for whichp = 1 (mod 4)” contradicts the first
asymptotic MRRW bound. Indeed, this MRRW bound states thatrateR is less than or equal to
h(6) = H(3 — \/6(1—6)). This, and the fact thak = 3 for our QQR codes (withy = 1 (mod 4)),
imply 6 < 8y = h=1(1/2) = 0.187. Therefore, for all large (admissible or not)d < &y - 2p. On the
other hand, ifp is admissible andlXs(GF(p))| < ¢ - p (wherec = 1.62) then by the above argument,
d > 2 (p— $p). Together, we obtain — & < dy, soc > 2- (1 — h™*(1/2)) = 1.626. Thisis a
contradiction.d

Corollary 2 There is a constant, (ineffectively computable) having the following properifyp > pg
then there is a subsét C GF(p) for which the boundX s(GF(p))| > 1.62p holds.

This is of course the same as the above theorem, except thaweeused Corollary 1 to remove the
hypothesi® = 1 (mod 4).
Remark 4 Based on computations usiS#\GE, the following statement is likely to be true.

Conjecture3 Forp = 1 (mod 4), the associated QQR code and its dual satisfyio © C’J%,Q = F?»,
where@® stands for the direct product (so, in particulayg N CI%,Q = ). If p =3 (mod 4) then the
associated QQR code is self-duéily, = Cng.

Though this is a nice property to have, it will not be neededafty of our results and | do not have a
proof of it.

3 Weight distributions

In (D1) lwan Duursma associates to a linear cGtlever GF'(¢) azeta functiornZ = Z of the form

P(T)

20 =TT g1y

where P(T) is a polynomial of degree + 2 — d — d* which only depends o’ through its weight
enumerator polynomial (hergis the minimum distance af' andd* is the minimum distance of its dual
codeC*; we assumé > 2 andd! > 2). If y = 4(C) = n+k+1—dandzc(T) = Zc(T)T' " then the
functional equation in (D1) can be written in the forp. (T') = z¢(1/4¢T). If we let(c(s) = Zc(q™%)
andéc(s) = z¢ (g ®) then(e and¢c have the same zeros kgt is “more symmetric” since the functional
equation expressed in terms of it becomes

or(s) =€o(l—s).

Abusing terminology, we call botid and(c aDuursma zeta functiorin fact, if p; denotes theé-th zero
of the zeta functiorZ (T") of an actual code then equations (5)-(6) of (D2) implies {far even weight
binary codes we are considering here) the relation

d:Qpri_l.

Therefore, further knowledge of the zeros&fI") could be very useful.
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If C is self-dual (or actually only formally self-dual) then theros of the(-function occur in pairs
about the “critical line"Re(s) = % Following Duursma, we say (for formally self-dual codggthe zeta
function (¢ satisfies th&Riemann hypothesikall its zeros occur on the “critical line”.

Example 3 The following computations were done with the hel[BAGE. If p = 7 then the[14, 7, 4]
(self-dual) code”'n ¢ has “zeta polynomial”

2 4 19 28 40 56 76 32 32
PT)= 4 —-T+-—T?+ T3+ T4 T+ TS+ —T" 4 T8
(T) = 143 + 143 + 429 + 429 + 429 + 429 + 429 + 143 + 143
It can be checked that all the rootsof Z- have|p| = 1/4/2, thus verifying the Riemann hypothesis in
this case.

It would be interesting to know if the Duursma zeta functid(T") of C'ng, forp = 3 (mod 4), always
satisfies the Riemann hypothesis.

A self-dual code is calledxtremalif its minimum distance satisfies the Sloane-Mallows boubd)(
andoptimalif it is maximal among all such linear codes of that length dimdension (see also Chinen
(Chl), (Ch2)). As noted above, the Duursma zeta functiop dapends on the weight enumerator. It has
been conjectured that, for all extremal self-dual codethe(-function satisfies the Riemann hypothesis.
The example below shows that “extremal self-dual” cannaeipdaced by “optimal formally self-dual”.

Based on computer computations us®®GE, the following statement appears to be true, though we
have no proof.

Conjecture 4 If p = 1 (mod 4) then the codeC” spanned byC'yg and the all ones codeword (i.e.,
the smallest code containin@y¢ and all its complementary codewords) is a formally selficwale of
dimensionp. Moreover, we ifA = [Ay, A1, ..., A,,] denotes the weight distribution vector ©fy¢ then
the weight distribution vector @’ is A + A*, whereA* = [A,,, ..., A1, Ao].

Using SAGE, it can be shown that the Riemann hypothesis is not validtesé “extended QQR codes”
in general, as the following example illustrates.

Example 4 If p = 13 thenC"’ is a[26, 13, 6] code with weight distribution

[1,0,0,0,0,0,39,0,455,0, 1196, 0, 2405, 0, 2405, 0, 1196, 0, 455, 0, 39, 0,0, 0,0, 0, 1].

This is (by coding theory tables, as includedSAGE (S)) an optimal, formally self-dual code. This code
C’ has zeta polynomial

P(T + T+ 611( T2 9 T3 3441 T4 6448 T5 44499 T6
S ¢ P et e
Tt el sl e
408595T12 + 2185T13 + 168245T14 8855T1 + 8855 T16

Using SAGE, it can be checked that only 8 of the 12 zeros of this functaweabsolute valug/+/2.
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4 Long Quadratic Residue Codes

We now introduce a new code, constructed similarly to the @QéRes discussed above:

C ={(rnrs,rqrs,rnrs,rors) | S € GF(p)}.

We call this dong quadratic residue coder LQR coddor short. Observe that this code is non-linear.
For anyS C GF(p), let

cs = (rNTS,TQTS, INTS, TQTS)

and let

vs = (rNTS,TQTs, TNTS, TQTS)-

If S;1AS5 denotes the symmetric difference betwegrandS; then it is easy to check that

cs, +cs, = Vs, A8, 4)

We now compute the size 6f using Lemma 1. We prove tlodaim: if p = 3 (mod 4) then the map that
sendsS to the codewords is injective. This implie§C| = 2P. Suppose not, then there are two subsets
Sy, So C GF(p) that are mapped to the same codeword. Subtraeting- cs, = cs, + ¢s, = Vs, A5,
and the subsel’ = S;AS, satisfiesrgrr = ryre = rgrre = ryrpe = 0. If |T] is even then
0= (rq +7rn)rr = (rgr@p) — 1)rr = rr. This forcesI" to be the empty set, s¢ = S>. Now if |T'| is
odd then similar reasoning implies that is the empty set. Therefor§; = () andS, = GF(p) or vice
versa. This proves the claim.

In casep = 1 (mod 4), claim: |C| = 2P~1. Again, suppose there are two subsgts Sa C GF(p)
that are mapped to the same codeword. Then the stibse$; AS; for whichrgre = ryre = rgree =
ryrre = 0. This implies eithefl’ = () or T = GF(p). Therefore, eithef; = S, or 51 = S5.

Combining this discussion with Lemma 3, we have proven tHeving result.

Theorem 4 The codeC has lengthn = 4p and has sizé/ = 2P~!if p =1 (mod 4), and sizeM = 27
if p=3 (mod 4). If p =3 (mod 4) then the minimum non-zero weightjs and the minimum distance
is at least

d, =4p —2 Xs(GF(p))|.
»=4p scncl:?’%pﬂ s(GF(p))|

If p=1 (mod 4) thenC'is a binary[4p, p — 1, d,,]-code.

Remark 5 If p = 3 (mod 4), there is no simple reason | can think of why the minimum distashould
actually be less than the minimum non-zero weight.

Lemma5 If p =1 (mod 4) then
® Vg =Cg,

® Cg, +Cs, = CS ASs

o the codeC is isomorphic to the QQR codgéy,.
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In particular,C is linear and of dimensiop — 1.

Proof: We shall show later (see the proof of Theorem 4) thati 1 (mod 4) thenryrg, = ryrs,
andrgrg, = rqrs, if and only if Sy = Sf. The lemma follows rather easily as a consquence of this and
4).0

Assumep = 3 (mod 4). Let

V={vs|SCGF(p)}
and let

C=CUV.
Lemma 6 The code” is
¢ the smallest linear subcode Bf? containingC,
e dimensiorp + 1,
e minimum distancenin(d,, 2p).

By abuse of terminology, we call anLQR code

Proof: The first part follows from (4). The second part follows fr@arcounting argument (as in the
proof of Theorem 4). The third part is a corollary of Theorenti4

We know that

p— ZaGGF(p) fs,sa)) , |S|even (any p),
Wi(rNrs,TQTs) = P~ 2acGF(p) fs%fa) , |Sloddandp =1 (mod 4),
P+ Y accre (E52) . |Sloddandp=3 (mod 4),

by Proposition 1.
Lemma 7 For eachp, the codeword:s = (ryrs, rors, rnrs, rors) of C has weight

fs(a) _
wt(cs) = { 2p = 2 sacr(p) (ST) , p=1 (mod4),
2p, p=3 (mod4).

In other words, ifp = 3 (mod 4) thenC is a constant weight code.
Proof: Indeed, Proposition 1 impliesif=1 (mod 4) then

wt (ryrs,rQrs, TNTS, rQry) = wt(ryrs,rors) + wt (rnri, rory)
=2 wt (TNTs, T‘Q’r‘s) (5)
_ fs(

- 2p -2 ZaGGF(p) ( Spa)) )

if p =3 (mod 4) and|S| is even then

wt (rNrs, TQTs, TNTE, TQry) = wt(ryrs,rqrs) +wt (ryry, rory)
_ fs(a) !
=p— ZaGGF(p) ( S;S )) +p+2aeGF(p) ( s}Ea)) )
= 2p,
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and ifp = 3 (mod 4) and|S| is odd then

wt (ryrs, rors, TNTS, TQTrE) = wt(ryrs,rors) + wt (ryrs, rory)
=p+ ZaEGF(p) (fS,Ea)> +p- ZaEGF(p) (fSTm)) (7)
= 2p.

O

Example 5 The following examples were computed with the hel@ABE. Whenp = 11 and S =
{1,2,3,4}

(rNrs,rQrs,rNrg,rQrg) =@+ttt 2P e b2, 20 e b 12 e e+ 1,210 428 420 41, 2% 427 425 42

corresponds to the codeword

0,1,1,1,1,1,0,1,0,1,0,1,1,1,1,0,0,1,0,1,0,1,1,0,0,0,0,0,1,0,1,0,1,0,0,0,0,1,1,0,1,0,1,0)

of weight22. Whenp = 11 and S = {1, 2,3}
(rNrs,rQrs,rNrg,rQrg):(.7:10+19+r£7+15+7£5+m4+12+1,110+7£9+z7+16+15+I3+m+1,18+13+.7:,.7:8+z4+.7:2)

corresponds to the codeword

(1,0,1,0,1,1,1,1,0,1,1,1,1,0,1,0,1,1,1,0,1,1,0,1,0,1,0,0,0,0,1,0,0,0,0,1,0,1,0,0,0,1,0,0)
of weight22.

Lemma 6 improve the statement of Theorem 22n The next subsection is devoted to this goal.

4.1 Goppa’s conjecture revisited

We shall now remove the conditign = 1 (mod 4) in one of the results 2, at a cost of slightly
weakening the constant involved.

AssumingB(c, p) holds, we have that the minimum distanceCofs > min(d,, 2p) > 4p(1 — §) and
the information rate if? = i + ﬁ. WhenR = 1/4, Goppa’s conjecture gives= 0.214.... So Goppa’s
conjecture will be false it — $ = 0.215, orc = 1.57. We have the following improvement of Theorem
2.

Theorem 5 If the B(1.57, p) is true for infinitely many primes then Goppa’s conjecture is false.

5 Some results of Voloch

Lemma 8 (Voloch) Ifp = 1,3 (mod 8) then| X ¢ (GF(p))| = 1.5p + a, whereQ is the set of quadratic
residues and is a small constant-3 < a < 2.
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A similar bound holds ifX, is replaced byX y andp = 1,3 (mod 8) is replaced by = 7 (mod 8)
(in which case is a quadratic residue).
Proof: By Lemma 3, we know that ib = 3 (mod 8) (so|@| is odd):
> X(fala)) = —p—1+|Xq(GF(p))l.

a€GF(p)
Similarly, if p =1 (mod 8) (so|Q)] is even):
> xlfola) = —p—2+|X(GF(p))].
a€GF(p)

Sinceb™s = x(b) (mod p), we have

27 —1=[[@-a) = fole), =7 +1=][@-a).

a€eQ a€EN
In particular, for alln € N,
fon) = H(n— a) = n"T —1=-2 (mod p).
acqQ

Sincep = 1,3 (mod 8), we haveyx(—2)

Xo(GFM)| = 39+ x(fo(0) + 1 (f p = 3 (mod 8)
(if p=1 (mod 8)). O

1, sox(fo(n)) = 1 foralln € N. It follows that
) or [ Xo(GF(p))] = 3p + x(fa(0)) + 3

Here is an extension of the idea in the above proof. Fix amgéré > 2. Assuming/ dividesp — 1,
there are distinct-th rootsr; = 1, ro, ..., 7 in GF(p) for which2P=1 — 1 = Hle(x’%l — ;). Also,
et -1 = [lucp, (@ —a) = fp,(z), whereP, denotes the set of non-zefgh powers inG'F(p).

Claim: Itis possible to find an infinite sequence of primesatisfyingp = 1 (mod ¢) andy(r; — 1) =
1, forall2 < i < ¢ (wherey denotes the Legendre character mpdf the claim is true then we will have
a lower bound fot X p, (GF(p))| on the order of2 — $)p, along the lines above, by Lemma 3. Proof of
claim: It is a well-known fact in algebraic number theoryttha= 1 (mod ¢) implies the primep splits
completely in the cyclotomic fiel@, generated by thé-th roots of unity inC, denoted®; = 1, 75, ...,
7¢. The conditiony(r; — 1) = 1 means thap splits in the extension dd, obtained by adjoining/7; — 1
(herei = 2,...,¢). By Chebotarev's density theorem there exists infinitegngnsuchp, as claimed. In
fact, there are effective versions which give explicit mf@tion on computing such(LO), (Se).

This, together with the previous lemma, proves the follayiesult.

Theorem 6 (Moloch) If¢ > 2 is any fixed integer then for infinitely many primethere exists a subset
S C GF(p) for which|Xs(GF(p))| = (2 — §)p + a, wherea is a small constant-3 < a < 2.

In fact, the primes occurs with a positive (Dirichlet) depsind the sef can be effectively constructed.

Acknowledgements thank Prof. Amin Shokrollahi of the Ecole Polytechniquederale de Lausanne
for helpful advice and Prof. Felipe Voloch of the UniversitiyTexas for allowing his construction to be
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included above. Parts of this note (such as Prop. 1) can belfiouthe honors thesis (C) of my former
student Greg Coy, who was a pleasure to work with.
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