SM472, Computational Fourier Transforms !

Class notes for a Capstone course taught Spring 2006-2007heTtext
for the course is the boolast Fourier transform by James Walker [W1].
Examples usingSAGHS] illustrate the computations are given throughout.
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Application of FS, FTs, and DFTs (including DCTs and FFTs), ae found
in

the heat equation and the wave equation in physics,
image compression,

analog-to-digital conversion,

spectroscopy (in medicine, for example),

passive sonar (via frequency analysis),

multiplication of very large integers (useful in cryptograhy),

statistics,

among many others.

In fact, Patent number 5835392 is \Method for performing complex fast
fourier transforms (FFT's)", and Patent number 6609140 is Methods and
apparatus for fast fourier transforms.” These are just twofdhe many patents
which refer to FFTs. Patent number 4025769 is \Apparatus foconvoluting
complex functions expressed as fourier series" and Patenimber 5596661
is \Monolithic optical waveguide lIters based on Fourier epansion." These
are just two of the many patents which refer to FSs. You can Id&othese up
in Google's Patent search engine,



http://www.google.com/ptshp?hl=en&tab=wt&q=

to read more details. You'll see related patents on the sameage. Try
\discrete cosine transform™ or \digital Iters" to see other devices which are
related to the topic of this course.

1 Background on Fourier transforms

This section is not, strictly speaking, needed for the intrduction of discrete
Fourier transforms, it helps put things in the right conceptial framework.

1.1  Motivation

First, let's start with some motivation for the form of some & the de ni-
E,ons. Let's start with something you are very familiar with: power series
o T ()x!, where we are writing the coe cientsf (t), t 2 N, of the power
series in a functional notation instead of using subsc,gptsUsually, if £ (0),
f (1), f (2), ... is a given sequence then the power serles[ o f (t)x" is called
the generating functionof the sequen&
The continuous analog of a sum is an integral:

X 21
f (t)x! f (t)x" dt:
t=0 0

Replacingx by e 3, the map

VA 1 Z 1
f 7! f(H)x'dt= f (e dt;
0 0
is the Laplace transform Replacingx by e 2¥, the map
Z 1 z 1
f 71 f(t)x'dt= f(t)e 2V dt;
0 0

is essentially the Fourier transform (the de nition below ncludes a factor
pL for convenience). In other words, the Laplace transform anithe Fourier
transform are both continuous analogs of power series.

2In fact, since power series are so well understood, often tigs one studies the generating
function to better understand a given sequence.


http://www.google.com/ptshp?hl=en&tab=wt&q=

Togp a little further with this gnalogy, suppose we have two gwer series

A(x) = J o a()x andB(x) = ., B(k)x*. The product is given by
PPy ’
AX)B(X) =( joa()¥)( = B(k)X)
= (a(0) + a(1)x + a(2)x? + ::)(b(0) + b(1)x + b(2)x? + :32)
= a(O)b(O) +(a(0)h(1) + a(l)b(O))X +(a(2)b0) + a(1)b(1) + a(0)b(2))x* +
= _o C(m)x™;
where
X xn
Cm = aj)bk)= a)blm j):
j+k=m j=0

This last expression is refer,f{ed to as th@irichletf coqyolutlon of the g's

and b's. Likewise, ifF(s)= , f(t)e *dtandG(s)= , g(t)e * dt then
Z 1
F(s)G(s) = (f g)(ve *dt
0
where
Z t

f o= Tf@9t 2)dz

0

The above integral,Ro1 f (t)e 2V dt, is over O<t < 1 . Equivalently, it
is an integral overR, but restricted to functions which vanish o (0;1 ). If
you replace these functions supported on (@ ) by any function, then we are
lead to the transform

Z,

f 71 f(t)e 2V dt:
1

This is discussed in the next section.

1.2 The Fourier transform on R

If f is any function on the real lineR whose absolute value is integrable
Z

ifjja= jf(x)jdx<1
R

3Pronounced \Dear-ish-lay".



then we sayf is L!, written f 2 L(R). In this case, we de ne theFourier
transform of f by

1 Z
FE)y) = fly)= p= f(x)e 2 dx

R
This is a bounded function, writtenf 2 L (R),

iifiii =supify)j<1:
y2R

It can be shown thatF (extends to a well-de ned operator which) sends
any square-integrable function to another square-integbée function. In
other words,

F:L%R)! L*R);

whereL?(R) denotes the vector space (actually, a Hilbert space) of fations
for which the L2-norm is nite:
Z

ifii=C jfeQiFd)< 1
R

Example 1 Here is an example. Letfo(x) = e x* We have

on(Y)

pl—_Rexze 2y dx
1 R 2 L (x+iy)?
P Rnge V)" dx
: e 2 dz
LR (@=y°
e % dz;

ple ¥

ple ¥

Im (z)=0

wherez = x+ iy the last equality follows from the Residue Theorem from compex analysis.
Now, this is

2

= pL y? z
p= | Rm (2)=0 e “ dz
=pke Y e X dx
= e yz:
This last line depends on
Z
e X dx = P i

(Here's the quick proof of this:



R

(g€ x* dx)2 x*a ¥* dxdy
X y? dxdy
e rddr

2
e "rdr

R

I\Jl\)oﬂgx’
Py

N[

OE’HO'\?QCD )

D
c
o

c

1

Now take square-roots.)
This proves that this example satis es

F(fo)(y) = fo(y): 1)
In other words, that the operator F has eigenvectorf o and eigenvalue =1.

Exercises:

1. Verify that F(f 9(y) = 2iyF (f )(y), forall f 2 L}(R)\ C(R).
(Hint: Integrate by parts.)

2. If f1(x) = xe ** then f is an eigenvector of the Fourier transform with
eigenvalue = i,ie., F(fy)= if;.
(Hint: Use (@) and the previous exercise.)

3. Let o

1, jx) < 1=2;

)= 0, jxj 1=2

and show thatf(y) = =X (= sinc(y)).

4. Fora< 0, let

e x>0
f0= o X0
and show thatf(y) = o Similarly, let
e 2 x< 0
=06 "x o
and show thatf(y) = G rerar-

5. Fora< 0, let f (x) = €22 and show thatf(y) = ROt

6



The following result spells out the main properties of the FT

Theorem 2 Let f;g 2 LY(R), with f°2 L(R) and xf (x) 2 L}(R).

Linearity:
af + bg71 af + bg;
Scaling:
f(x=a) 71 af\(ay);
and
f(ax) 7T a {\(y=a);
Shifting:
f(x a71 e 2™ f\y);
Modulation: '
™ f(x) 7T fy a);
Inversion:

Z 1
f(x)= 1 fi(t)e?™ dt:

Di erentiation:

Fqx) 77 2iy F\(y);
and )
xf (x) 71 2'—f“(y):

Parseval: Forf;g 2 LY(R)\ L?(R), we have

Z - z L
Rf (x)g(x) dx = ] f(y)8(y) dy;



and in particular,
z z

if 0Pdx = jf(y)i*dy:
R R
This can be found in Chapter 5 of Walker[[WI1].

1.3 Application to Laplace's PDE
We shall use the FT to nd a function w(x;t) satisfying

w(x; 0) = f (x):
This represents the steady state temperature of a semi-inite plate, in the
shape of the upper half-plane, where the boundary (theaxis) is kept heated
to the temperature f (x) at the point (x; 0) for all time.
solution: Assume that for eachy, w(x;y) is in L1(R), as a function ofx.
Let
Z
Ww(uy) = w(xy)e 2% dx;
R

SO
Z Z
W(u;0)=  w(x;0)e 2™ dx;=  f(x)e 2™ dx = f(u);
R R
by the initial condition, and
Z
wix;y) = W(u;y)e™ du; 2)
R
by the inversion formula.
By (B), we have
Z
Wi (X; Y) = (2 u)>W(u;y)e2™ du;
R
and
Z

Wyy (X Y) = Rwyy(U;y)eZixu du;



SO

z
0= Wy (X;Y) + Wyy(X;y) = R( (2 u)’W(u;y) + vy (U y) ™ du:

Therefore, by Laplace's equation,

(2u )ZW(U;V) + My (U;y) =0;
or

kRy) (2u)*k(y)=0;
wherek(y) = W(u;y). This means

W(u;y) = k(y) = cre 2 W + ce? 1,
for some constantsc;;c,. Let ¢, = 0 (because it works, that's why!) and
solve forc; using the initial condition W(u; 0) = f’\(u), to get
wW(u;y) = fl(u)e 214y
Using (@) again, we have
f’F\(u)e 2 juygzixu dqu
RQ( f(z)e 2izu dz)e 2 Julye2|xu dU

RQ( 2 juiyg2i (x 2u du)f (z) dz
———f (2) dz;

w(x;y)

R y2+(X z)?

which is the convolution off (x) with K(x) = %
(f  Ky)(x) is the desired solution.

This function w(x;y) =

2+ X2 "

1.4 Application to Schedinger's PDE

Assumef 2 LY(R)\ L%(R).
We shall use the FT to nd a function (x;t) satisfying

az%
(x; 0)

@.
@t
f(

X);



where (for conveniencep? = - and h is Planck's constant. The function
(x;1)j?, where is the solution (or \wave function") of the above PDE,
represents (under certain conditions offi ) the probability density function
of a free particle on a semi-in nite plate, in the shape of thepper half-plane,
where the distribution on boundary (thex-axis) is determined byf (x).
solution: Assume that for eacht, (x;t) is in L}(R), as a function ofx.

Let

z
“u;t) = (x;t)e 2™ dx;
R
SO
Z Z
“u;0) = (x;0)e 2™ dx;=  f(x)e 2™ dx = f\(u);
R R
by the initial condition, and
Z
x;t)=  “(u;t)e@™ du; (3)
R
by the inversion formula. By (3), we have
z
w (X t) = (2 u)2"(u;t)e™ du;
R
and
Z
()= N(urt)e™ du;
R
SO

z
0=2a o(xt) )= ( @Qu)*"(ut) “(u)e™ du:
R

By Schedinger's PDE,

a?u)®"(u;t)  “(ut)=0;

or

k) = a*(2u)?k(1);

10



wherek(t) = "(u;t). This means

"(uit) = k() = coe FEU,

for some constantc,. Using the above initial condition to sove forc,, we
obtain "(u;t) = f(u)e @*@u)* Using @) again, we have

(x;1)

;f’F\su)e a2(2u)2te2ixu du

FR(FRf (z)e 2izu dz)e a2(2u)2te2ixu du
F@( € a®(2u)’tg2i (x 2)u du)f (z) dz

g Hi(x  2)f (2) dz;

R 2 2 i :
which is the convolution off (x) with H{(x) = e *@u)te2X du, This
function w(x;y) = (f Hy)(x) is the desired solution.

By the Plancheral formula,

;jA(u;t)jZdu

quf/\(u)e a?(2u )2tj2 du

ReJf (W)j2 du

Ref (¥)? dx

1 (U;0)j2dx;

by the initial condition. In particular,if f hasL2-norm equal to 1 then so
does (x;t), for eacht O.

R .
ri (X 1)j2dx

2 Fourier series

History : Fourier series were discovered by J. Fourier, a Frenchmarha
was a mathematician among other things. In fact, Fourier wablapolean's
scienti ¢ advisor during France's invasion of Egypt in the &te 1800's. When
Napolean returned to France, he \elected" (i.e., appointgdFourier to be a
Prefect - basically an important administrative post wherehe oversaw some
large construction projects, such as highway constructisn It was during this
time when Fourier worked on the theory of heat on the side. Hisolution to
the heat equation is basically what we teach in the last few w&s of your
di erential equations course. The exception being that ouunderstanding of
Fourier series now is much better than what was known in the dg 1800's.
For example, Fourier did not know of the integral formulas[(¥ (&) for the
Fourier coe cients given below.

11



Motivation : Fourier series, since series, and cosine series are allexp
sions for a functionf (x) in terms of trigonometric functions, much in the
same way that a Taylor series is an expansion in terms of powemctions.
Both Fourier and Taylor series can be used to approximate a sient;y
\nice" function f (x). There are at least three important di erences between
the two types of series. (1) For a function to have a Taylor s&s it must
be di erentiablefl, whereas for a Fourier series it does not even have to be
continuous. (2) Another di erence is that the Taylor seriesis typically not
periodic (though it can be in some cases), whereas a Fourieriss isalways
periodic. (3) Finally, the Taylor series (when it converggsalways converges
to the function f (x), but the Fourier series may not (see Dirichlet's theorem
below for a more precise description of what happens).

Given a \nice" periodic function f (x) of period P, there area, with n 0
and by, with n 1 such thatf (x) has (\real") Fourier series

R nx . ,2nx
FSe()(0= 2+ [ancosC ) + by sin> o)
n=1
TheseFourier series coe cients are given by
YA P
a, = 2 f (x) cos(zﬂ) dx; 4)
P o P
and
Z
2°°P 20X |,
b = ) f (x) sm(T) dx: (5)

0

What does \nice" mean? When does the series converge? Whenddes
converge, what is the relationship betweeh and F Sg(f )?

De nition 3 A function f (x) on a nite interval [ a; b is said to be of bounded
variation if there is a constanct C > 0 such that for any partition xo = a<x1 <
w1 <Xp 1<Xp = bof the interval (a;b), we have

9(1
jf(xiv1) f(x)j C
i=0

4“Remember the formula for the n-th Taylor series coe cient centered at x = a -
an = f(”)(a) 2
n = nt°

12



Another characterization states that the functions of bounded variation on a
closed interval are exactly those functions which can be wtien as a di erence
g h, where both g and h are monotone.

Let BV ([0; P]) denote the vector space of functions on [(P] of bounded vari-
ation.

Since any monotone function is Riemann integrable, so is arynction
of bounded variation. The mapF S is therefore well-de ned on elements of
BV ([0; P]).

Likewise, given a \nice" periodic functionf (x) of period P, there area,
with n 0 andh, with n 1 such thatf (x) has (\complex") Fourier series

>€- 2inx
FS(f)(x) = Che P
n=1

TheseFourier series coe cients are given by
Zp

Co = f(x)e 2P dx; (6)

1

P o
forn2 Z.

Theorem 4 If f 2 BV ([O; P]) and if f has a Fourier series representation

>4 2 inx
f(x)= che r

n=1

which converges absolutely thehl (6) holds.

proof : By hypothesis,

Z P f Z P )Q' 2 imx i
f(x)e 2™ dx = Cne P e 2™P dx:
0 0 m=1

Interchanging the sum and the integral, this is
P
= Cn g (m MX=P gy = pg,:
In the above proof, we have used the fact thafte?™" g,,, forms a

sequence of periodic orthogonal functions on the intervaD;(P).

13



Example 5 Given any complex Fourier seried (t) = x(t)+ iy (t), you can plot the
parametric curve (x(t);y(t), for 0 <t < P . A. Robert [R] classi es the complex
Fourier series whose parametric plot is a regular polygon. Te n-gons are all
obtained by transforming in various ways (such as translatons and re ections) the

basic Fourier series

X .
f(ty=" (1+kn) Ze! t+inlt;
k2z
Here are some examples. In the rst row of the table of plots bow, we plot
the partial sum

X .
(l+ kn) Zel (1+ kn)t

jkj<N
with N =3, n=3,then N =10, n =3. The next line is with N =3, n =4, then
N =10, n =4; the last line iswith N =3, n=5,then N =10, n =5.

14



Here

sage
sage
sage
sage

sage:

re..
....... Ty
1 . . 1 ST
-7 5 25 25 5 75 0 13500 15
10
25f : 25
250 :
-sf |2 B
......................................... 3 ertessessaiaeianiatatintfotestentcsanianncnnsensd
Sl
I £
: sk H
3 25 4 25k
H | I S ] | L L 1 |
103 75 5 25 25 5 75 o & 1z i 75 -5 25 25 B 75 10 125
H -25 H -25E
i st i
. L.,
. ask S T 5
tinte p 1.
-125

is the SAGEode which produced these examples:

N =3
L

= [1+5*k for k in range(-N,N)]

. f = lambda t: sum([10*n*(-2)*exp(n*pi*I*t) for n in L]

. pts = [[real(f(i/100)),imag(f(i/100))] for i in rang

show(list_plot(pts))

sage:

15

)
e(200)]



sage: N = 10

sage: L = [1+5*k for k in range(-N,N)]

sage: f = lambda t: sum([10*n"(-2)*exp(n*pi*I*t) for n in L] )
sage: pts = [[real(f(i/100)),imag(f(i/100))] for i in rang €(200)]

sage: show(list_plot(pts))

This code produces the pentagon pictures above. Changing thterms in the
partial FS obviously changes the graph. For instance, replaing L = [1+5*k for
k in range(-N,N)] by L = [2+5*k+k**2 for k in range(-N,N)] produces a
gure looking like a gold sh!

The relationship between the real and the complex Fourier ses is as
follows: In FS(f), replace the cosine and sine terms by

co ’2 nx ) e2inx=P + e 2 inx=P
S = ;
P 2
and _ .
Sin(z Nnx )_ e2|nx=P e 2 inx=P .
P’ 2i

This implies FSg(f ) = FS(f), where

g Z n=0;
?

— a by - .
Ch = 7n+_ n>01

2i°

aa Pason<o
In particular, FSg(f )(x) converges if and only ifF S(f )(x) does.
Let C™(P) denote the vector space of all functions which arm-times

continuously di erentiable and have periodP.

Lemma 6 If f 2 C™(P) then there is a constantA = A(f) > 0 such that
jcaj  Afjnj M, forall n60.

proof : Integrate-by-parts:

R , _ R |
0P f (x)e 2 inx=P dx 2Pin f(x)e 2 inx=P j§§OP % 0P f O(x)e 2 inx=P dx

R
P P inx= .
o o fO(X)e 2 inx=P dX,

16



sincef (0) = f (P).
Now use the \trivial" estimate
Zp
i ogx)e?™® dxj P max jg(x)]
0 0 x P
to get

maxo x pjf (X)j 1.
2 n’
The proof is completed using mathematical induction (or siply repeat this
processm 1 more times).
Let *! (Z) denote the space of vectorsx( ).,z whose coordinatex,, are
bounded and let

jcn]

T (Xn)n2z)) = Ji(Xn)n2zij1 = ng?%(JXnJ
In particular, it follows that the Fourier transform de nes a linear mapping

FS:C'(P)! ' (2);

given by sending a continuous periodic functiofi 2 C°(P) to its sequence
of Fourier series coe cients €.,(f ))n2z 2 "1 (2).

Theorem 7 (Jordan) If f 2 BV ([0; P]) then F S(f )(x) converges td- >4 1),
proof : Seex13.232 in [T].

Perhaps more familiar is the following result, which was ceved in your
Di erential Equations course.

Theorem 8 (Dirichlet) If f has a nite number of maxima, a nite number
of minima, and a nite number of discontinuities on the intewal (0; P) then
FS(f )(x) converges ot T ),

proof : Seex13.232 in [T].
Example 9 Let P =2 and letf(x) = x for 0<x 2. This is sometimes

referred to as the \sawtooth function®, due to the shape ofsitgraph. The
Fourier coe cients are given by

17



Z,

1 . 1. 1 . 1 o x=2 1
== xe ™dx=Z[ — xe ™ ——e ™ = —;
G 2 5 2[ in ( in)? ]x=0 in
whenn 6 0, and
1Z 2 q X2 x=2 1
= — Xax = — =
“=3, 4 x=o
The Fourier series
X , 1 X 1 .
FS(f)(x) = c,e™ =1 — —e'™
n2z ! n2Z; néo

does not converge absolutely.

Example 10 Let P =1 and letf (x) = 10x?(1 x)2for0<x 1. This
function belongs toC(1).

Figure 1: Graph off (x), 0 <x < 1.

The Fourier coe cients are given by

Z, s 2 . .
, n 3in +3 ( n? 2+3in +3)
=  10x*(1 x)%e 2™ dx=10 _ . ;
G 0 (3 %) ( 4in5 5 4in5 5 )
S0C, = ;’—%n 4 whenn 6 0. Whenn =0, we have
Zl
= 10x*(1 x)*dx=1=3

0

18



In this case, the Fourier series
30 X

X . 1 ..
FS()(x) = e™ =2 = e

n2z n2Z; né0

Wl =

does converge absolutely. In fact, it can even be di erent& term-by-term.
The SAGEommands
sage: f = maxima("10*x**2*(1-x)**2*exp(-2*Pi*i*x*n)")

sage: fintegral(’x', 0, 1)
10%((IN2*n"2*Pin2 - 3**n*Pi + 3)/(4*"5*n"5*Pin5) - (N2 NAAPIN2 + BN*PI + 3)*%e-(2*Fn*Pi)/(4*"5* N 5*Pir 5))

were used to compute the Fourier coe cients above.

2.1 Sine series and cosine series

Recall, to have a Fourier series you must be given two thing$l) a period
P = 2L, (2) a function f (x) de ned on an interval of length 2, usually we
take L <x<L (butsometimes O<x < 2L is used instead). The Fourier
series off (x) with period 2L is

(0 24" fancosl® )+ bysin( X
2 L L
wherea, and hy, are as in (4), (5).
First, we discuss cosine series. To have a cosine series yostrbe given
two things: (1) a periodP =2L, (2) a function f (x) de ned on the interval
of lengthL, 0<x <L . The cosine series of f (x) with period 2L is

R
f (x) %+ ancosTX);
n=1

wherea, is given by
2t X
= — —)f dx:
an ] 0cosL)(x) X
The cosine series df(x) is exactly the same as the Fourier series of theven
extensionof f (x), de ned by

_ f(x); O<x<lL
1:even(x)_ f( X); L<x< O

19



Next, we de ne sine series. To have a sine series you must beegi two
things: (1) a \period" P = 2L, (2) a function f (x) de ned on the interval of
length L, 0<x <L . The sine series off (x) with period 2L is

X . nx
f(x) b, Sln(T);
n=1
wherely, is given by

27
= sm(nTX)f (x) dx:
The sine series of (x) is exactly the same as the Fourier series of thedd

extensionof f (x), de ned by

_ X)), O0<x<L;
Foa(x) = f( x); L<x< O

One last de nition: the symbol is used above instead of = because of
the fact that was pointed out above: the Fourier series may m@onverge to
f (x) at every point (recall Dirichlet's Theorem 8).

Example 11 If f(x) =2+ X, 2<x< 2, is extended periodically to R with
period 4 then L = 2. Without even computing the Fourier series, we can evalude
the FS using Dirichlet's theorem (Theorem 8 above).

Question: Using periodicity and Dirichlet's theorem, nd the value t hat the
Fourier series off (x) converges to atx = 1;2;3. (Ans: f (x) is continuous at 1, so
the FS at x = 1 converges tof (1) = 3 by Dirichlet's theorem. f (x) is not de ned at 2.

It's FS is periodic with period 4, so at x = 2 the FS converges to™ @12 ) = 04 -5
f (x) is not de ned at 3. It's FS is periodic with period 4, so at x = 3 the FS converges to
fCDHfC D _ o)

5 .

2
The formulas for a, and b, enable us to compute the Fourier series coe cients
ag, an and b,. These formulas give that the Fourier series of (x) is

n cosqh ) . nx

72 sin( > ):

R
f(x) 4+ 4
n=1

The Fourier series approximations tof (x) are

sin

Nl

X Zsin(x); .

4
Sp=2; S =2+ —smc%q;52:2+4
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The graphs of each of these functions get closer and closer the graph of f (x)
on the interval 2 < x < 2. For instance, the graph off (x) and of Sg are given
below:

+4 3 2]  £1 O 1 273 4

Figure 2: Graph off (x) and a Fourier series partial sum approximation of
f (x).

Notice that f (x) is only de ned from 2<x < 2 yet the Fourier series is not only
de ned everywhere but is periodic with period P = 2L = 4. Also, notice that Sg
is not a bad approximation to f (x), especially away from its jump discontinuities.

Example 12 This time, let's consider an example of a cosine series. In th case,
we take the piecewise constant functiorf (x) de ned on 0 <x < 3 by

1; O<x< 2
1, 2 x< 3

We see thereforel = 3. The formula above for the cosine series coe cients gives
that

f(x)=
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X
f(x) =+ 4 n3 cos(
The rst few partial sums are
S;=1=3+2—=——;

3 1 2
3cos 3 X 3cos § X

S3=1=3+2

Also, notice that the cosine series approximationS;o is an even function butf (x)
is not (it's only de ned from 0 <x < 3). As before, the more terms in the cosine
series we take, the better the approximation is, for 0< x < 3. For instance, the
graph of f (x) and of Sy are given below:
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Figure 3: Graph off (x) and a cosine series approximation df(x).

Roughly speaking, the more (everywhere) di erentiable the function is, the
faster the Fourier series converges and, therefore, the bietr the partial sums of
the Fourier series will approximate f (x).

Example 13 Finally, let's consider an example of a sine series. In thisase, we
take the piecewise constant functionf (x) dened on 0 < x < 3 by the same
expression we used in the cosine series example above.

Question: Using periodicity and Dirichlet's theorem, nd the value t hat the
sine series off (x) converges to atx = 1;2;3. (Ans: f(x) is continuous at 1, so
the FS at x = 1 converges tof (1) = 1. f (x) is not continuous at 2, so atx = 2 the SS
converges tot @ 1€ ) = 1L 200 1@ ) = 141 =g £ (x)is not de ned at 3. It's SS is
periodic with period 6, so atx = 3 the SS converges tole & ST @9 - 141 =)

The formula above for the sine series coe cients give that

2 coshn 2cos 2n +1
f(x) o008 ) 3 sin(2X
=1 n 3

):
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The partial sums are

. _ . 2
82:23|n(1—3 x)+33|n 3 X

. 1 . 2 .
Sin 3 X Sin 3 X Sin
S3=2 3 433 43 SN (X)

These partial sumsS,,, asn!1 , converge to their limit about as fast as those
in the previous example. Instead of taking only 10 terms, ths time we take 40.
Observe from the graph below that the value of the sine serieat x = 2 does seem
to be approaching 0, as Dirichlet's Theorem predicts. The gaph of f (x) with Syq

IS
M 1 UnVAVAVA\//\

0.5+

o T B

Figure 4: Graph off (x) and a sine series approximation df (x).
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2.2 Exercises in Fourier series using SAGE
1. Let 8

< 2, 32 x 3

fx)=_ 0, 0 x 3=

' ; 3<x< 0

period 6.

Find the Fourier series off (x) and graph the function the FS
convergesto, 3 x 3.

Write down the series in summation notation and compute the
rst 3 non-zero terms.

solution: Of course the Fourier series df(x) with period 2L is
do X X . nNX
) 5+ [a cos(nT) * b sin(=—)l;

n=1

wherea,, and b, are

L X
cos(——)f (x) dx;
L L

L
I
|~

z
175 nx _
- sm(T)f (x) dx:

b,

Generally, the following functions compute the Fourier s&s coe -
cients off (x):

def fourier_series_cos_coeff(fcn,n,L): # n>= 0
lowerlimit = -L
upperlimit = L
an = maxima(tldefint(%s*cos(%s*n*x/%s),x,%s,%s)/L'%( fcn,maxima(pi), L, lowerlimit,upperlimit))
return str(an).replace("%","")
def fourier_series_sin_coeff(fcn,n,L): # n > 0
lowerlimit = -L
upperlimit = L
bn = maxima('tidefint(%s*cos(%s*n*x/%s),X,-%s,%s)/L'% (fen,maxima(pi),L,lowerlimit,upperlimit))
return str(bn).replace("%",")

However, Maxima's support for piecewise de ned functions irudimen-
tary and the above functions will not give us what we want. So &
compute them \by hand" but with some help from SAGE [S] (and
Maxima, whichis included with SAGE):
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## n > 0 FS cosine coeff

fcn = 2; lowerlimit = 3/2; upperlimit = 3; L = 3

anl = maxima(tldefint(%s*cos(%s*n*x/%s),x,%s,%s) %(f cn,maxima(pi),L,lowerlimit,upperlimit)); anl
# 6*sin(%pi*n)/(%pi*n) - 6*sin(%pi*n/2)/(%pi*n)

fcn = -1; lowerlimit = -3; upperlimit = 0; L = 3

an2 = maxima(tldefint(%s*cos(%s*n*x/%s),X,%s,%s) %(f cn,maxima(pi),L,lowerlimit,upperlimit)); an2
# -3*sin(%pi*n)/(%pi*n)

an = (anl+an2)/L

# (3*sin(%pi*n)/(%pi*n) - 6*sin(%pi*n/2)/(Y%opi*n))/3

In other words, forn > 0, a, =232,

## n = 0 FS cosine coeff
fen = 2; lowerlimit = 3/2; upperlimit = 3; L = 3

anl = maxima('tidefint(%s*cos(%s*0*x/%s),x,%s,%s)'%(f cn,maxima(pi),L,lowerlimit,upperlimit)); anl
#3

fcn = -1; lowerlimit = -3; upperlimit = 0; L = 3

an2 = maxima(tldefint(%s*cos(%s*0*x/%s),x,%s,%s) " %(f cn,maxima(pi),L,lowerlimit,upperlimit)); an2
# -3

an = (anl+an2)/L

#0

In other words, ag = 0.

## n > 0 FS sine coeff

fcn = 2; lowerlimit = 3/2; upperlimit = 3; L = 3

bnl = maxima('tidefint(%s*sin(%s*n*x/%s),x,%s,%s) %(f cn,maxima(pi),L,lowerlimit,upperlimit)); bnl
# 6*cos(%pi*n/2)/(%pi*n) - 6*cos(%pi*n)/(%epi*n)

fcn = -1; lowerlimit = -3; upperlimit = 0; L = 3

bn2 = maxima('tidefint(%s*sin(%s*n*x/%s),x,%s,%s) %(f cn,maxima(pi),L,lowerlimit,upperlimit)); bn2
# 3/(%pi*n) - 3*cos(%pi*n)/(%opi*n)

bn = (bnl+bn2)/L

# (- 9*cos(%pi*n)/(%pi*n) + 6*cos(%pi*n/2)/(%pi*n) + 3/(% pi*n))/3

1 3( 1)"+2cos( n=2)
= .

The Fourier series is therefore

In other words, b, =

b in( n= n -
f(x) [(Zsm( n= 2))cos(n:;( 14+ ( 1 3( 1) ;2 cos(n= 2))sin(n;
n=1

B

sage: Pi = RR(pi)

sage: bn = lambda n:( - 9*cos(Pi*n)/(Pi*n) + 6*cos(Pi*n/2)/ (Pi*n) + 3/(Pi*n))/3
sage: bn(1); bn(2); bn(3)

1.2732395447351628

-0.63661977236758127

0.42441318157838753

sage: an = lambda n:2*(sin(Pi*n/2))/(Pi*n)
sage: an(l); an(2); an(3)
0.63661977236758138
0.000000000000000038981718325193755
-0.21220659078919379
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Here are the rst few numerical values of these coe cients:

a; = 2=0:6366197723675813

a; =0;

az = :% = 0:2122065907891937%
by = 4 =1:273239544735162

b= 2= 0:6366197723675812
b = ig = 0:4244131815783875:

Figure 5: Graph of Fourier series of (x).
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2. Let
_ 2, 32 t 3
F= o 0 t 3=

Find the Cosine series of (x) (period 6) and graph the function
the CS converges to, 3 x 3.

Write down the series in summation notation and compute the
rst 3 non-zero terms.

solution: Of course the Cosine series 6{x) with period 2L is

X
f (x) %+ ancosTX);
n=1

wherea, is 7

2t X
a, = L, cos T)f (x) dx:

A simple Python program:

def cosine_series_coeff(fcn,n,L):  # n>= 0
lowerlimit = 0
upperlimit = L
an = maxima('2*tldefint(%s*cos(%s*n*x/%s),x,%s,%s)/L' %(fcn,maxima(pi),L,lowerlimit,upperlimit))
return str(an).replace("%","")

It was noted above that this program will not help us, for the ype of
function we are dealing with here. So, we have SAGE do the comp
tations \piece-by-piece™:

#tn >0
fcn = 2; lowerlimit = 3/2; upperlimit = 3; L = 3
anl = maxima(tldefint(%s*cos(%s*n*x/%s),x,%s,%s) %(f cn,maxima(pi),L,lowerlimit,upperlimit)); anl

# 6*sin(%pi*n)/(%pi*n) - 6*sin(%pi*n/2)/(%pi*n)

an = (2/L)*anl

an

# 2%(6*sin(%pi*n)/(%pi*n) - 6*sin(%pi*n/2)/(%pi*n))/3

sin( n= 2)

- To nd the 0-th coe cient, use the

In other words, a, = 4
commands

#n=0

anl = maxima('tidefint(%s*cos(%s*0*x/%s),x,%s,%s)'%(f cn,maxima(pi),L,lowerlimit,upperlimit)); anl
#3

an = (2/L)*anl

an

#a0 =2
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or the command

sage: f1 = lambda x:2
sage: f2 = lambda x:0
sage: f = Piecewise([[(0,3/2),f2],[(3/2,3),f1]])
sage: f.cosine_series_coefficient(0,3)
2

In other words, ag = 2.
The Cosine series is therefore

X sinne
fx) 14 (@SNn=2) 2))cos(nTX

n=1

):

sage: an = lambda n:4*sin(Pi*n/2)/(Pi *n)
sage: an(1); an(2); an(3)
1.2732395447351628
0.000000000000000077963436650387510
-0.42441318157838759

So,a; = 4 =1:273239544735162 a, =0, az = 3i.
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Figure 6: Graph of Cosine series df(x).

3. Let
2, 32 t 3

F= o 0 t 3=

Find the Sine series of (x) (period 6) and graph the function the
FS convergesto, 6 x 6.

Write down the series in summation notation and compute the
rst 3 non-zero terms.

We leave this one as an exercise for the reader!
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2.3 Application to the heat equation

The heat equation with zero endsboundary conditions models the tempera-
ture of an (insulated) wire of lengthL:

KGutit) — @uxit)
@z @t
u(O;t) = u(L;t) =0:
Here u(x;t) denotes the temperature at a pointx on the wire at time t.
The initial temperature f (x) is speci ed by the equation
u(x; 0) = f (x):
Method :

Find the sine series of (x):

b
00 " bu(H)sin(" )
n=1
The solution is
_ _X . NX n ..
u(x;t) = m(f)SIn(T)eXp( k(f) t):
n=1

Example 14 Let
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_ 1, 0 x 3=2
Fo0= 2, 32<x< 3
Then L =3 and
Z 3
f (x)sin(n x= 3) dx:
0

bn (f) =

wIinN

Thus

f(x) b(f)sin(x=3)+ b(f)sin(2x = 3)+ ::: = Esin( x=3)) §sin(2 x=3)+ i

The function f (x), and some of the partial sums of its sine series, looks like
Figure 7.

Figure 7: f (x) and two sine series approximationsS;g, Sso.
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As you can see, taking more and more terms gives functions wtt better and
better approximate f (x).

sage: R = PolynomialRing(QQ,"x"); x = R.gen()

sage: f1 = -x"0; f2 = 2*x"0

sage: f = Piecewise([[(-3,-3/2),-f2],[(-3/2,0),-f1],[( 0,3/2),f1],[(3/2,3),f2]])
sage: fs10 = f.fourier_series_partial_sum(10,3)

sage: FS10 = lambda t:RR(sage_eval(fs10.replace("x",str o))
sage: Pfs10 = plot(FS10,-3,3)

sage: Pf = f.plot()

sage: show(Pf+Pfs10)

sage: fs30 = f.fourier_series_partial_sum(30,3)

sage: FS30 = lambda t:RR(sage_eval(fs30.replace("x",str o))
sage: Pfs30 = plot(FS30,-3,3)

sage: show(Pf+Pfs10+Pfs30)

The solution to the heat equation, therefore, is

A
uct) = () sin(C)exp( K(T)2):
1

n=

The heat equation with insulated endsboundary conditions models the
temperature of an (insulated) wire of lengthL:

k@u(x;t) — @gxt)
@x% @t
Uy (0;t) = uy(L;t) =0:
Hereu,(X; t) denotes the partial derivative of the temperature at a poihx on
the wire at time t. The initial temperature f (x) is speci ed by the equation
u(x; 0) = f (x).
Method :

Find the cosine series off (x):

P
Qo nx..
f(x) > + . an(f)cos(T),
The solution is
Qo X n x n .,
uty= -+ an(f)cost—))exp( k(--)7):
n=1
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Example 15 Let

_ 1, 0 x 3=
Feo = 2, =2<x< 3
ThenL = and
2% 3
an(f) = 3 f (X) cos(n x= 3)dx;
0

forn> 0 andag = 1.
Thus

f (x) %+ a1(f ) cos(x=3)+ ax(f ) cos(x=3)+:::1=2 6 cos(x= 3)+ 2 cos(3x= 3)+ i

The piecewise constant functionf (x), and some of the partial sums of its cosine
series, looks like Figure 8.

Figure 8: f (x) and two cosine series approximations.
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sage: R = PolynomialRing(QQ,"x"); x = R.gen()

sage: f1 = -x"0; f2 = 2*x"0

sage: f = Piecewise([[(-3,-3/2),f2],[(-3/2,3/2),f1],[( 3/2,3),12]])
sage: fs10 = f.fourier_series_partial_sum(10,3)

sage: FS10 = lambda t:RR(sage_eval(fs10.replace("x",str ()]
sage: fs30 = f.fourier_series_partial_sum(30,3)

sage: FS30 = lambda t:RR(sage_eval(fs30.replace("x",str ()]
sage: Pf = f.plot()

sage: Pfs30 = plot(FS30,-3,3)

sage: Pfs10 = plot(FS10,-3,3)

sage: show(Pf+Pfs10+Pfs30)

As you can see, taking more and more terms gives functions wth better and
better approximate f (x).
The solution to the heat equation, therefore, is

hs
UG = 2+ an(f)cosC)exp( K(T)A):

n=1

Explanation

Where does this solution come from? It comes from the method sepa-
ration of variables and the superposution principle. Heresia short explana-
tion. We shall only discuss the \zero ends" case (the \insutad ends" case
is similar).

First, assume the solution to the PDEk @4xt) = @) has the \factored”
form

u(x;t) = X (X)T(t);
for some (unknown) functionsX; T . If this function solves the PDE then it
must satisfy kX )T (t) = X (x)Tt), or
XRx) _ 1791,
X(x)  kT()"

Sincex;t are independent variables, these quotients must be constarin
other words, there must be a constanC such that

T _ - _ 0.
m_kc:, X%x) CX(x)=0:
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Now we have reduced the problem of solving the one PDE to two (B3
(which is good), but with the price that we have introduced a enstant which
we don't know, namelyC (which maybe isn't so good). The rst ODE is
easy to solve:

T (t) = A]_ekct ;

for some constantA;. To obtain physically meaningful solutions, we do not
want the temperature of the wire to become unbounded as timadreased
(otherwise, the wire would simply melt eventually). Therafre, we may as-
sume here thatC 0. It is best to analyse two cases now:
CaseC = 0: This implies X (x) = A, + Azx, for some constantsA,; As.
Therefore
C+) = _ :
u(x;t) = Ag(Az+ Asx) = > + pX;
where (for reasons explained late\;A, has been renameé; and A;Az has
been renamedy.
CaseC < 0: Write (for convenience)C = r?, for somer > 0. The ODE
for X implies X (x) = A,cosfx) + Azsin(rx), for some constantsA,; As.
Therefore

u(x;t) = Ae kr2t(A2 cosfx) + Assin(rx)) = (acosfx) + bsin(rx))e krt.

where A;A, has been renamead and A;A3 has been renamed.
These are the solutions of the heat equation which can be wah in
factored form. By superposition, \the general solution" isa sum of these:

P
L+ X+ 1 (80 COSEaX) + by sin(rax))e Wit
2 + hyx + (@ cosf1x) + bysin(rix))e ¥it (7)
+( @z cosfx) + by sin(rox))e krit 4 oo

u(x;t)

for somea;, b, ri. We may order ther;'s to be strictly increasing if we like.
We have not yet used the 1Qu(x; 0) = f (x) or the BCsu(0;t) = u(L;t) =
0. We do that next.
What do the BCs tell us? Plugging inx = 0 into (7) gives
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3
do 2 dp 2 2
St e Krat = - e KU+ ape M2

n=1

0=u(0;t) =

These exponential functions are linearly independent, s = 0, a; = 0O,
a, =0, .... This implies

X
u(x;t) = box+ by sin(rax)e ¥t = yx+ by sin(rix)e Xit+ by sin(rox)e K+
n=1

Plugging in x = L into this gives

X
O=u(L;t)= L+  hysin(raL)e ¥at:
n=1
Again, exponential functions are linearly independent, sky = 0, b, sin(r,L)
for n = 1;2;:::. In other to get a non-trivial solution to the PDE, we don't

want b, = 0, so sin(r,L) = 0. This forcesr,L to be a multiple of , say
rn. = n=L . This gives

X . n k(L)Zt . k(*)zt . 2 k(L)Zt
upct) = bysin(—xje TTT = bsin(-x))e T+ by sin(-x))e Tl
n=1
(8)
for someh's. This was discovered by Fourier.

There is one remaining condition which our solutiom(x;t) must satisfy.
What does the IC tell us? Pluggingt = 0 into (8) gives

x n 2

f(x)= u(x;0) = o sin(Tx) = blsin(tx)) + bzsin(fx)) +
n=1

In other words, if f (x) is given as a sum of these sine functions, or if we can

somehow exprest(x) as a sum of sine functions, then we can solve the heat

equation. In fact there is a formula for these coe cientsly, (which Fourier

did not know at the time):

Z
2°¢t n
= — f —Xx)dx:

b, L, (x)cos(L x)dx
It is this formula which is used in the solutions above.
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Example 16 Let k =1, let

1. 0 x 3=

Fo0= 2, 32<x< 3

and let g(x) =0. Then L =3 and
2 R -
bh(f) = § o f(x)sin(®3-)dx

2cos(n ) 3cos(1=2n )+1 .
2 h ;

Thus
F(x)  by(f)sin(x = 3)+ by(f )sin(@x = 3) +
= 2sin(x=3)) &sin@2x=3)+ :::

The function f (x), and some of the partial sums of its sine series, looks likeigure
7. The solution is

P 1 iaf N X
u(x;t) n=1 bn(f)sin(3-)

2gin(x=3))e (=t Bgin@2x=3)e @=I* 4 1: o
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Figure 9: Plot of f (x) and u(x;t), for t = 0:0; 0:3; 0:6; 0:9. The rst plot uses
the partial sums Ssq of the FS for f (x); the second plot uses the Gesaro-
ltered partial sums Sg, of the FS forf (x).

The following SAGEode for the plot above is very time-consuming:

sage: f1 = lambda x:-2
sage: f2 = lambda x:1
sage: f3 = lambda x:-1
sage: f4 = lambda x:2
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sage: f = Piecewise([[(-3,-3/2),f1],[(-3/2,0),f2],[(O, 3/2),131,[(3/2,3),f4]])
sage: N = 50

sage: t = 0.0; F = [RR(exp(-(j*pi/3)"2*t)) for j in range(N)]

sage: PO = f.plot_fourier_series_partial_sum_filtered( N,pi,F,-4,4)
sage: t = 0.3; F = [RR(exp(-(j*pi/3)"2*t)) for j in range(N)]

sage: P1 = f.plot_fourier_series_partial_sum_filtered( N,pi,F,-4,4)
sage: t = 0.6; F = [RR(exp(-(j*pi/3)"2*t)) for j in range(N)]

sage: P2 = f.plot_fourier_series_partial_sum_filtered( N,pi,F,-4,4)
sage: t = 0.9; F = [RR(exp(-(j*pi/3)"2*t)) for j in range(N)]

sage: P3 = f.plot_fourier_series_partial_sum_filtered( N,pi,F,-4,4)
sage: P = f.plot(rgbcolor=(0.8,0.1,0.3), plot _points=40 )

sage: show(P+P0+P1+P2)

sage: N = 50

sage: t = 0.0; F = [RR((1-jJ/N)*exp(-(j*pi/3)"2*t)) for j in r ange(N)]
sage: PcO = f.plot_fourier_series_partial_sum_filtered (N,pi,F,-4,4)
sage: t = 0.3; F = [RR((1-j//N)*exp(-(*pi/3)"2*t)) for j in r ange(N)]
sage: Pcl = f.plot_fourier_series_partial_sum_filtered (N,pi,F,-4,4)
sage: t = 0.6; F = [RR((1-jJ/N)*exp(-(j*pi/3)"2*t)) for j in r ange(N)]
sage: Pc2 = f.plot_fourier_series_partial_sum_filtered (N,pi,F,-4,4)
sage: t = 0.9; F = [RR((1-j//N)*exp(-(*pi/3)"2*t)) for j in r ange(N)]
sage: Pc3 = f.plot_fourier_series_partial_sum_filtered (N,pi,F,-4,4)

sage: show(P+Pc0+Pcl+Pc2)

2.4 Application to Schedinger's equation

The one-dimensional Schredinger equation for a free pacte is

1 @ (1) _ @(xt).

@X% @t '’
wherek > 0 is a conﬁtant (involving Planck's constant and the mass of
the particle) and i = = 1 as usual. The solution is called the wave

function describing instantaneous \state" of the particle. For the aalog
in 3 dimensions (which is the one actually used by physiciststhe one-
dimensional version we are dealing with is a simpli ed matheatical model),
one can interpret the square of the absolute value of the wafienction as the
probability density function for the particle to be found at a point in space.
In other words, j (x;t)j®dx is the probability of nding the particle in the
\volume dx" surrounding the position x, at time t.

If we restrict the patrticle to a \box" then (for our simplied one-dimensional
guantum-mechanical model) we can impose a boundary condti of the form
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©@H= (Lt)=0;

and an initial condition of the form

(x; 0) = f (x); O<x<L:

Heref is a function (sometimes simply denoted (x)) which is normalized
so that

Z L
if (x)j?dx =1:
0

i (x;1)j® represents a pdf of nding a particle \at x" at time t then

oLjf (x)j?dx represents the probability of nding the particle somewhes
in the \box" initially, which is of course 1.

Method :

Find the sine series of (x):

DS
(00 B(f)sin(C);

n=1

The solution is

hs
(0= b(f)sin(")exp( k()2

n=1

Each of the terms

(060 = by sin(Co) exp( ik (S)2):

E called astanding wave(though in this case sometimesy, is chosen so that
o i n(G)2dx=1).

Example 17 Let

1, 0 x 1=2

Fe0= 1, 1=2<x< L
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Then L =1 and

(=1 f(x)sin(TX)dxz ni( l+2003(n7) cos )):

=N

Thus

f (x) Bu(f)sin(x )+ by(f)sin2x )+ :
= ,2( 1+2cos(%) cosf ) sin(nx):
Taking more and more terms gives functions which better and letter approxi-
mate f (x). The solution to Schredinger's equation, therefore, is

v X n . . 2n.
(x;t) = n—( 1+Zcos(7) cosf )) sin(nx) exp( ik(n )<t):
n=1

Explanation :

Where does this solution come from? It comes from the methofisepara-
tion of variables and the superposution principle. Here isshort explanation.

First, assume the solution to the PDEik @@(g;” = 254 has the \fac-
tored” form

(1) = X(X)T(1);

for some (unknown) functionsX; T . If this function solves the PDE then it
must satisfy kX )T (t) = X (x)Tt), or

X%x) _ 1T9W).
X(x) ik T(@)"
Sincex;t are independent variables, these quotients must be constarn
other words, there must be a constanC such that
Tq) _ 0
——=—=1kC; X¥(x) CX(x)=0:
0 ) Cxx)
Now we have reduced the problem of solving the one PDE to two (H3
(which is good), but with the price that we have introduced a enstant which
we don't know, namely C (which maybe isn't so good). The rst ODE is
easy to solve:
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T(t) = A]_eikct ;

for some constantA;. It remains to \determine" C.

CaseC > 0: Write (for convenience)C = r?, for somer > 0. The ODE
for X implies X (x) = A,exp(rx) + Azexp( rx), for some constantsA,; As.
Therefore

(x;t) = Are M (A, exp(rx)+ Asexp( rx)) = (aexp(rx)+bexp( rx))e *°t:
where A1A, has been renamec and A;A; has been renamedb. This will
not match the boundary conditions unlesa and b are both 0.

CaseC = 0: This implies X (x) = A, + A3zx, for some constantsA,; As.
Therefore

(x;t) = A1(Ax+ Azx) = a+ bx;

where A1A, has been renamec and A;A; has been renamedb. This will
not match the boundary conditions unlesa and b are both 0.

CaseC < 0: Write (for convenience)C = r?, for somer > 0. The ODE
for X implies X (x) = A,cosfx) + Azsin(rx), for some constantsA;; As.
Therefore

(x;t) = Ae ™ 2t(A2 cosfx) + Assin(rx)) = (acosfx) + bsin(rx))e 2t

where A1A, has been renamec and A;A; has been renamedb. This will
not match the boundary conditions unles@ =0 and r = -
These are the solutions of the heat equation which can be wah in

factored form. By superposition, \the general solution” isa sum of these:

(X,t) = P i:l (an COSG'nX)'F mSin(rnX))e ikr 2t (9)
b_|_Sin(r1X)e ikr £t + szin(r2X)e ikr 3t +

for someh,, wherer, = ”T Note the similarity with Fourier's solution to
the heat equation.

There is one remaining condition which our solution (x;t) must satisfy.
We have not yet used the IC (x;0) = f (x). We do that next.

Pluggingt = 0 into (9) gives
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R n
f(x)= (x;0)= b, sin(Tx

n=1

)= bysin(zx) + bzsm(ZTX)) e

In other words, if f (x) is given as a sum of these sine functions, or if we
can somehow expresg(x) as a sum of sine functions, then we can solve
Schredinger's equation. In fact there is a formula for thes coe cients b,:

m—ZZL
-2°

It is this formula which is used in the solutions above.

f(x) cos(nTx)dx:

2.5 Application to the wave equation

The wave equation with zero ends boundary conditions modeise motion
of a (perfectly elastic) guitar string of lengthL:

2@8w(xt) — @w(xt)
@% @t
w(0;t) = w(L;t) =0:

Herew(x;t) denotes the displacement from rest of a point on the string at
time t. The initial displacement f (x) and initial velocity g(x) are speci ed
by the equations

w(x; 0) = f(x);  wi(x; 0) = g(x):
Method :

Find the sine series of (x) and g(x):

b3 b

(0 mOsin) g by(@)sinCo)
n=1 n=1
The solution is
b3
w(x;t) = n=l(bn(f)cos( nLt ) + L:”(g) sin( nLt ))sin(nTX):
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A special case: When there is no initial velocity therg = 0 and the
solution to the wave equation, therefore, is

%
w(x;t) = bn(f)cos(nLt )sin(nLX ):
n=1
Example 18 Let =1, let
f(x) = 1, 0 X =2

2, =2<X<:

and let g(x) =0. Then L = , by(g) =0, and

b(f) = ZROf(x)sin(nx)dx

2cos(n ) 3cos(1=2n )+1 .
2 h ;

Thus
f (x) by (f ) sin(x) + bp(f )sin(2x) + :::
Zsin(x) Csin(2x) + 2 sin(3x) +

The function f (x), and some of the partial sums of its sine series, looks likeigure
7. The solution is

P, _
w(x;t) n=1 bn(f) cos(nt) sin(nx)

2 cost)sin(x) 2 cos(2)sin(2x) + £ cos(3)sin(3x) + ::: :
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Figure 10: Plot of f (x) and w(x;t), for t = 0:0;0:3;0:6;0:9. The rst plot
uses the partial sumsS,s of the FS forf (x); the second plot uses the Gesaro-
ltered partial sums S of the FS forf (x).

The following SAGEode for the plot above is very time-consuming:

sage: f1 = lambda x:-2
sage: f2 = lambda x:1
sage: f3 = lambda x:-1
sage: f4 = lambda x:2
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sage:
sage:
sage:

sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:

sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:
sage:

= 0.0; F = [RR(cos((j+1)*t)) for j in range(N)]
0 = f.plot_fourier_series_partial_sum_filtered(
= 0.3; F = [RR(cos((j+1)*t)) for j in range(N)]
P1 = f.plot_fourier_series_partial_sum_filtered(
t = 0.6; F = [RR(cos((j+1)*t)) for j in range(N)]
P2 = f.plot_fourier_series_partial_sum_filtered(
t = 0.9; F = [RR(cos((j+1)*t)) for j in range(N)]
P3 = f.plot_fourier_series_partial_sum_filtered(
P = f.plot(rgbcolor=(0.8,0.1,0.3), plot_points=40
show(P+P0+P1+P2)

f1 = lambda x:-2
f2 = lambda x:1
f3 = lambda x:-1
f4 = lambda x:2

f = Piecewise([[(-pi,-pi/2),f1],[(-pi/2,0),f2],[

N = 25

t = 0.0; F = [RR((1-}/N)*cos((j+1)*t)) for j in range(N
PO = f.plot_fourier_series_partial_sum_filtered(

t = 0.3; F = [RR((1-j/N)*cos((j+1)*t)) for j in range(N
P1 = f.plot_fourier_series_partial_sum_filtered(

t = 0.6; F = [RR((1-j/N)*cos((j+1)*t)) for j in range(N
P2 = f.plot_fourier_series_partial_sum_filtered(

t = 0.9; F = [RR((1-j/N)*cos((j+1)*t)) for j in range(N
P3 = f.plot_fourier_series_partial_sum_filtered(

P = f.plot(rgbcolor=(0.8,0.1,0.3), plot_points=40
show(P+P0+P1+P2)

3 The Discrete Fourier transform

(0,pif2),13],[(pi/2,pi),f4]])

N,pi,F,-4,4)
N,pi,F,-4,4)
N,pi,F,-4,4)

N,pi,F,-4,4)
)

(0,pif2),13],[(pi/2,pi),f4]])

)]
N,pi,F,-4,4)

)]
N,pi,F,-4,4)

)]
N,pi,F,-4,4)

)]
N,pi,F,-4,4)

)

Let us rst \discretize" the integral for the k-th coe cient of the Fourier
series and use that as a basis for de ning the DFT. Using the aft-hand
Riemann sum" approximation for the integral usingN subdivisions, we have

R .
G _% OPf(x)e 2ikx=P Iy

P

P _
=& LH(Pj=N)e 2N
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This motivates the following de nition.

De nition 19  The N -point discrete Fourier transform (or DFT) of the vector
"=(fo;unfn 1)2CNis
X 1 . X1
DFT (M= fi=  fje2kN =7 W9,
j=0 j=0
whereW = =N |
The normalized N -point discrete Fourier transform (or NDFT) of the vector
"=(fo;unfn 1)2CNis

P XL X
NDFT (Fk = P fje 2N = PS fiW™:

i=0 j=0

Note that the powers of W are N equally distributed points on the unit
circle.

Both the DFT and NDFT de ne linear transformations CN ! CN and
therefore can be described by matrices. If we regard the vecf™as a column
vector then the matrix for the DFT is:

0
1 1
1 W wh
Fo = 1 W2 W2(N 1)
N =
i W&' Lo w®™ DN 1)
Note that this is a symmetric matrix. Similarly, the matrix for the NDFT is:
0 1
1 1 i 1
1 W wh
Gy = pl: 1 W2 waN D
NE . |
LN L g DD

Example 20 Let N =10. The DFT of
= (1=10; 1=10; 1=10; 1=10; 1=10; 1=10; 1=10; 1=10; 1=10; 1=10) 2 C*°
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is
Fiof 7 =(1;0;0;0;0;0;0;0;0;0). The DFT of

= (1=10,0;0;0;0;0;0;0;0;0) 2 C*°

is F1of "= (1=10,1=10; 1=10; 1=1C; 1=10; 1=10; 1=1G; 1=10; 1=10; 1=10).
This was computed using the SAGE commands

sage: J = range(10)

sage: A = [1/10 for j in J]

sage: s = IndexedSequence(A,J)

sage: s.dft()

Indexed sequence: [1, O, O,
2, 3

0,0, 0 00,0, O]
indexed by [0, 1, 2, 3, 4, 5

, 6, 7,8, 9]

There is an analog of the orthogonality used in Theorem 4 abev

Lemma 21 We have

X 1ij _ N; Njk;
o 0; otherwise
Before proving this algebraically, | claim that this is \geanetrically ob-
vious." To see this, recall that the average of anyN points in the plane -
whether written as vectors or as complex numbers - is simphhe \center
of gravity” of points, regarded as equally weighted point neses. The sum
above is (if N does not dividek) the \center of gravity" of a collection of
point masses which are equi-distributed about the unit cite. This center of
gravity must be the origin. On the other hand, ifNjk then all the points are
concentrated at 1, so the total mass i8l in that case.
proof : If W* 6 1 then we have
N1 VLS
ij = M =0:
i=0 W 1
— K PN 1ok — K ) o
If W =1thenwe ;,"W" = N. NoteW" =1ifand only if Njk.
As a corollary of this lemma, we see that the complex matri¥y is
\orthogonal” (this is a technical term we need to dene). A ral square
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matrix is called orthogonalif row i is orthogonal to columnj for all i 6 j.
Here when we say two real vectors are orthogonal of course wean that
they are non-zero vectors and that their dot product is 0. Thede nition
for complex matrices is a bit di erent. We rst de ne on CN the Hermitian
inner product (or just inner product, for short):

D( 1
he; y = AR
j=0
We say two complex vectors arerthogonal if they are non-zero and their
inner product is zero. A complex square matrix is calledrthogonalif row i
is orthogonal to columnj for all i 6 j.

Lemma 22 Fy is orthogonal.

SO

X1_ <
h(row k of Fy); (row ~ of Fy)i = wie v O 0;
j=0

provided W* 6 1, which is true if and only if N does not dividek
Note that this matrix Fy is not \real orthogonal®:

X 1o
(row k of Fy) (row " of Fy)= W V" Y

j=0
if and only if N does not dividek + = 2, by Lemma 21.
Here's another matrix calculation based on Lemma 21: W denotes
the standard basis vector ofCN whosek-th coordinate is 1 and all other
coordinates are 0, then

:O’

DFT (&) = (Fn)k = k' column of Fy;

SO
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DFT (DFT (&))

DFT (k™ column of Fy);

(15t row of Fy) (k™ column of Fy)
E@ (2" row of Fy) (k™ column of Fy) E

(N" row of Fy) (k™ column of Fy)

(15t row of Fy) (k™ row of Fy)
(2" row of Fy) (k™ row of Fy)

(N™ row of Fy) (k™ row of Fy)

since the matrix Fy is symmetric. The \almost orthogonality of the rows of
Fn " discussed above implies that this last vector of dot produs is = N€ g,
where by Kk in the subscript of we mean the representative of the residue
class of k (mod N) in the interval O k N 1.

The motivation behind the de nition of the normalized DFT is the fol-
lowing computation:

1 PN 1 7K
NDFT(NDFT(f))k PT j=o NDFT(f)jW

- 1

Py 1. P
N —of‘

jrxlzolw(k+‘)j (11)
=f i
where of course by k in the subscript of f  we mean the representative
of the residue class of k (mod N) in the interval O k N 1.
To be precise, if neg :CN | CN denotes the negation operator, send-
ing (fo;fe;unfn 1) to (f o;f 1;:f1 n) then NDFT 2 = neg. Note that
neg ips the last N 1 coordinates off™ about their midpoint. For ex-
ample, if N = 5 then neg(12;3;4;5) = (1;5;4;3;2) and if N = 6 then
neg(21;3 1,47)=(2;74, L31).
Because of the computation (11), it follows that

X 1 _ X 1 .
NDFT (f) = NDFT () « = plﬁ fiw = = plﬁ fiwWh; (12)



or NDFT '=neg NDFT = NDFT neg. Likewise,

1 1
DFT (), = L% fW = L% FWN 13
k — W j - N1 j ’ ( )

j=0 j=0

orDFT =N ! neg DFT =N ! DFT neg.

Example 23 Let N =4, so

0 1
1 1 1 1
B1 i 1 i §
F4‘%1 11 1AK°
1 i 1 i
and letf~=(1;0;0;1). We compute
0 10 1 O 1
11 1 1 1
1 _1%1 i1 i §%o§_ (1+i)=2§_
NDFT(f‘)—p—ZFJ‘—E 10101 1 0K = 0 ;
1 i 1 i 1 @a n=
Call this latter vector g We compute
0 10 1 0 1
1 1 1 1 1 2
_1%1 i1 i g%(1+i):2§_1%0§_
NDFT negl@=z@; 1 1 1 0 =2@0A"F
1 i 1 i @a n= 2

as desired.

3.1 Eigenvalues and eigenvectors of the DFT

We shall take an aside to try to address the problem of compuiy eigenvalues
and eigenvectors oDFT = Fy, at least in a special case. This shall not be
used in other parts of the course - think of this as \for your diural bene t".

It also follows from this computation (11) that NDF T # acts as the iden-
tity. If A is any square matrix satisfyingA™ = | then any eigenvalue
of A must be anm-th root of unity (indeed, Av = v, for some non-zero
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eigenvectory, sov = AMy = A™ 1Ay = AM 1y = AM Ly= 1= My
so ™ =1). Due to this fact, it follows that the only possible eigenalues of
NDFT are 1 1;i; 1.
It is not hard to describe the eigenspaces intrinsically. e
V =ff :Z=Nz! Cg;
soV = CNviaf 7! (f(0);f(1);:;f(N 1)) Let

Veven = ff 2V jf( k)= f(k); 8k 2 Z=NZg
denote the subspace of even functions and
Vosg = ff 2V jf( k)= f(k); 8k2 Z=NZzZg

the subspace of odd functions. Note that the restriction dNDFT t0 Veyen
is order 2: for allf 2 Veyen, Wwe haveNDFT 2(f) = f. Likewise, for all
f 2 Voga, We haveNDFT ?(f) = f. Let

E;= fNDFT(F)+ f jf 2 VeyenO;
E .= fNDFT(f) fjf 2 VeyenS;
E ;=fiNDFT (f)+ f jf 2 Voug:
E = fiNDFT (f) f jf 2 Vowg:

In this notation, for each 2f 1, ig, E is the eigenspace oGy having
eigenvalue . Moreover, according to Good [G], the columns of the matrix

M =1+ Gy+ %G} + °GJ (14)

form a basis forE .

Note that the eigenvalues of theDF T = Fy are not the same as those of
NDFT = Gy sinceGy = plﬁFN. The eigenvalues of the DFT must belong
to pﬁ; pﬁ;ipﬁ; i N.

Recall that for the Fourier transform on R the number = 1 was an
eigenvalue. The calculation there cannot be \discretizedSince we had to

5Good's de nition of the NDFT is slightly di erent than ours.  Essentially, where we
have a weighted sum over powers ofV, he has a weighted sum over powers dfV. That
changes the matrixM slightly, so the one above is correct for us | think.
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use the Residue Theorem from complex analysis. We have to ¢aanother
approach.

Let Z=NZ = f0;1;2;::;; N 1g. This is a set but if we perform arithmetic
(such as addition and multiplication) modN, then this can regarded as an
abelian group.

First, assume that there is a function

T1Z=NZ! Z=NZ (15)
with the property that “(jk) = “(j) (k), forallj 6 0and k 6 0, and "(0) = 0.
Let us also assume that the set
kZz=NzZ = fjk (modN)jj=0;1:5N 1g

which is a subset oZ=NZ, is the same as the sef=NZ:

kZ=NZ = Z=NZ; 0<k<N: (16)

We will worry about whether this function exists or not and wlether this
set-theoretic property of true or not later. For now, let's ompute the rst
component of it's DFT:

D( 1
FDT(D1=  go(i)e *'™ ;
j=0
where™= (7(0); (1);::;; (N 1)) =(0; (Q);:=; (N 1)). Now make the
substitution j = j %, for somek 6 0.
We have

FDT (s i%&‘(j)e 2N
= -ozol\(j %)e 21 AN
joop (197 (K)e 21 AN
= (k) Lt (e 2
(K)DFT (M«:

Putting these together, we get

DFT (Y= DFT (M ™

In other words, ~is an eigenvector with eigenvalu®F T (7);.
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Example 24 In general. let y denote a primitive N -th root of unity, for
example y = e 2N = W. The smallest eld containing the rationals,Q,
and this N -th root of unity is called the cyclotomic eld, and is commoly
denoted byQ( n). As a set, Q( n) is simply the set of \polynomials in y
with coe cients in Q of degree N 1"

LetN =5 and™=(0;1; 1; 1;1). It can be checked that this de nes a
function as in (15).

We rst check explicitly that assumption (16) is true:

Z=57 =[0;1,;2;3;4]
27=57 =10, 2;4;1, 3]
37257 =10, 3;1;4; 2]
47=57 =[0;4,3;2;1]

Let
0 1
11 1 1 1
1 5 & & 3
Fs=B1 ¢ & 5 2
1 2 s 5 ¢
1§ 3 ¢ 5
where 2= 2 2 5 1. The characteristic polynomial of this matrix is

()= (x | B)(x+ " BR(x2+5):

The roots of this polynomial are of course the eigenvalues:IO 5; iP5, of
course, the matrix Fs has eigenvectors with vector components i@. We
shall try to express their components, if we can, algebrdigain terms of
the powers of the s. This is not a matter of necessity for us, but it can
be convenient for doing certain calculations. For examplgpu don't have to
worry about round-o errors messing up a calculation if you &ive an algebraic
expression. p_ p_

Itturns outthat 5= 22 22 1l,and 5=22+2 2+1, can
both be written as a linear combination of powers o, so it may come as
no surprise that the components of their eigenvectors alsancbe written as
a linear combination of powers of 5. In other words, if the eigenvalue is in
Q( 5) then one might expgct to nd eigenvector with components @( s).

On the other hand, i 5 do not belong toQ( 5). So, we should expect
that the eigenvectors in this case have components lying onee extension of
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in Q( s). It turns out, all the eigenvectors have components iQ( »), the
eld extension of Q generaﬁeg by the0-th roots of unity.
The eigenspace of ; = 5is 2-dimensional, with basis

vo, 3 2 1, 2 2 105 (0;1, L 11)

5 5
where 2 2 1 = 0:6180:: . The eigenspace of , = P5is 1-
dimensional, with basis
1 1,1 1,1 1,1 1
(1;§ S+ > 52,5 S+ > 52,§ S+ 2 5212 g';é 2);
wherel 3+ 1 2= 0:8090::. The eigenspace of; = i’ 5is 1-dimensional,

with basis

4. 7, 6 5 4, 3 . 7 6, 5, 4 3 . .
01 20t 20 20 20t 20 220 1 20 20t 2% 20 2072 20t1l; 1)

whereg o+ 5 % st 3 22 1= 352Q:. The eigenspace of
4 =1 5is 1-dimensional, with basis

4. 7., 6, 5 4 3 .7 6 5, 4, 3 . .
G5 0t 20 20 20 207220 1 0 20 20t 20t 20 22%1; 1)

where 1o+ S5+ 3% 4 3+2  1=0:284Q:.

20 20 20
For example,
0 1 O 1
0 0
1 23 22 1
Fs~= Fs 1&=B 22+422+1 =2 3+2 2+~

1 223+2 2+1
1 23 22 1

Infact, 2 3+2 2+1= pE 2:236::. In otger words,”=(0;1;, 1, 1;1)

is an eigenvector ofFs with eigenvalue = 5

The SAGHS] code used to help with this calculation:

| SAGE Version 1.7.1, Release Date: 2007-01-18 |
| Type notebook() for the GUI, and license() for information . |

sage: quadratic_residues(5)
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[0, 1, 4]

sage: quadratic_residues(7)

[0, 1, 2, 4]

sage: MS = MatrixSpace(CyclotomicField(5),5,5)

sage: V = VectorSpace(CyclotomicField(5),5)

sage: v = V([0,1,-1,-1,1])

sage: z = CyclotomicField(5).gen()

sage: F5 = MS([[1,1,1,1,1],[1,2,2/2,2"3,2"4],[1,2"2,z 4,2"6,2"8],[1,2"3,26,2"9,2"\(12)],[1,2"4,2"8,2(12) ,ZM16)])
sage: latex(F5)

\left(\begin{array}{rrrrr}

1&1&1&1&1\

1&zeta5&zeta5"{2}&zeta5"{3}&-zeta5"N3} - zeta5™{2} - ze ta5 - 1\
1&zeta5{2}&-zeta5™M3} - zeta5{2} - zeta5 - 1&zeta5&zeta S5M3I
1&zeta5"(3}&zeta5&-zeta5™N3} - zeta5"{2} - zeta5 - 1l&zeta 572\
1&-zeta5(3} - zeta5"{2} - zeta5 - 1&zeta5"{3}&zeta5"{2}& zetab
\end{array}\right)

sage: F5*v

(0, -2*zeta5"3 - 2*zeta5"2 - 1, 2*zeta5"3 + 2*zeta5"2 + 1, 2*z eta5"3 + 2*zeta5"2 + 1, -2*zeta5"3 - 2*zeta5"2 - 1)
sage: a = 2*z"3 + 2*z2"2 + 1

sage: a2

5

sage: exp(pi*l)

-1.00000000000000 + 0.00000000000000323829504877970*|

sage: zz=exp(2*pi*I/5)

sage: aa = 2*zz"3 + 2*zz"2 + 1

sage: aa

-2.23606797749979 + 0.0000000000000581756864903582*|

sage: zz=exp(-2*pi*I/5)

sage: aa = 2*zz"3 + 2*zz"2 + 1

sage: aa

-2.23606797749979 - 0.0000000000000588418203051332*I

sage: MS = MatrixSpace(CyclotomicField(5),5,5)

sage: z = CyclotomicField(5).gen()

sage: F5 = MS([[1,1,1,1,1],[1,2,2"2,2"3,z4],[1,2"2,z" 4,2"6,z"8],[1,2"3,26,2"9,z"(12)],[1,2"4,2"8,2"(12) ,Z7(16)]])
sage: F5.fcp()

(x + -2*zetab"3 - 2*zeta5"2 - 1) * (x + 2*zetab"3 + 2*zeta5"2 + 1 Y2 * (x"2 + 5)
sage: F5.fcp()

(x + -2*zetab"3 - 2*zeta5"2 - 1) * (x + 2*zeta5"3 + 2*zeta5"2 + 1 Y2 * (x"2 + 5)
sage: z*

-zeta5"3 - zeta5"2 - zeta5 - 1

sage: MS.identity matrix()

[L0OO0OO]
01000
00100
00010
00001]

sage: A = F5 - (-2*z"3 - 2*z"2 - 1)*MS.identity_matrix()
sage: A.kernel()

Vector space of degree 5 and dimension 2 over Cyclotomic Fiel d of order 5 and degree 4

Basis matrix:

[ 1 0 -zeta5"3 - zeta5"2 - 1 -zeta5"3 - zeta5"2 - 1 0]
[ 0 1 -1 -1

sage: A.kernel().basis()

[

(1, 0, -zetab5"3 - zeta5"2 - 1, -zeta5"3 - zeta5"2 - 1, 0),
© 1, -1 -1, 1)

]

sage: -z"3 - z"2 - 1==z+z"4

True

sage: A = F5 + (-2*z2"3 - 2*z2 - 1)*MS.identity_matrix()
sage: A.kernel().basis()

[

(1, 1/2*zeta5"3 + 1/2*zeta5"2, 1/2*zeta5"3 + 1/2*zeta5"2, 1/2*zeta5"3 +
1/2*zeta5"2, 1/2*zeta5"3 + 1/2*zeta5"2)

1

sage: zz+zz"4

0.618033988749874 + 0.0000000000000115463194561016*|
sage: 4*(zz+zz"4)

2.47213595499949 + 0.0000000000000461852778244065*|
sage: (zz+zz"4)"2

0.381966011250079 + 0.0000000000000142720357376695*|
sage: (zz+zzM)M
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0.145898033750295 + 0.0000000000000109028651262724*|
sage: (zz+zz"4)"5

0.0901699437494591 + 0.00000000000000842292652849006*
sage: (zz+zzM4+1)"2

2.61803398874982 + 0.0000000000000373646746498727*|
sage: 1/2*zz"3 + 1/2*zz/"2

-0.809016994374949 - 0.0000000000000147104550762833*|
sage: MSI = MatrixSpace(CyclotomicField(20),5,5)

sage: z20 = CyclotomicField(20).gen()

sage: z5 = z20M4

sage: | in CyclotomicField(20)

False

sage: z4 = z20"5

sage: z4"™4

1

sage: z4

zeta20"5

sage: z4"3

-zeta20"5

sage: F5I = MS([[1,1,1,1,1],[1,25,25"2,25"3,25"4],[1,2 52,75"4,75"6,25"8],[1,25"3,25"6,25"9,25"(12)],[1,2
sage: A = F5l + z4*(-2*z5"3 - 2*2z5"2 - 1)*MSl.identity_matri x()
sage: A.kernel().basis()

[

(0, 1, zeta20"7 + zeta20"6 - zeta20"5 - zeta20"4 + zeta20"3 - 2 *zeta20 - 1,
-zeta20"7 - zeta20"6 + zeta20"5 + zeta20™4 - zeta20"3 + 2*zet a20 + 1, -1)

]

sage: a = z20"7 + z20"6 - z20"5 - z20"4 + z20"3 - 2*z20 - 1

sage: a"5

165*zeta20"7 + 125*zeta20"6 - 105*zeta20"5 - 125*zeta20™4 + 45*zeta20"3 - 210*zeta20 - 193
sage: a in CyclotomicField(5)

False

sage: zz20=exp(-2*pi*I/20)

sage: zz20"5

0.00000000000000127675647831893 - 1.00000000000000*I

sage: A = F5l - z4*(-2*z5"3 - 2*z5"2 - 1)*MSl.identity_matri x()

sage: A.kernel().basis()

[

(0, 1, -zeta20"7 + zeta20"6 + zeta20"5 - zeta20"4 - zeta20"3 + 2*zeta20 - 1,
zeta20"7 - zeta20"6 - zeta20"5 + zeta20"4 + zeta20"3 - 2*zeta 20 + 1, -1)

]

sage: -zz"3 - zz"2 - 1

0.618033988749899 + 0.0000000000000294209101525666*|

sage: 1/2*zz"3 + 1/2*zz"2

-0.809016994374949 - 0.0000000000000147104550762833*1

sage: -zz20"7 + zz20"6 + zz20"5 - zz20"4 - zz20"3 + 2*zz20 - 1
0.284079043840412 + 0.000000000000000222044604925031F
sage: zz20"7 + zz20"6 - zz20"5 - zz20"4 + zz20"3 - 2*zz20 - 1
-3.52014702134020 - 0.00000000000000222044604925031*|

sage: [j for j in range(5)]

[0, 1, 2 3, 4]

sage: [j*2%5 for j in range(5)]

[, 2 4, 1, 3]

sage: [j*3%5 for j in range(5)]

[0, 31,4, 2]

sage: [j*4%5 for j in range(5)]

[0, 4, 3, 2, 1]

sage: F5.fcp()

(X + -2*zeta5"3 - 2*zeta5"2 - 1) * (x + 2*zeta5"3 + 2*zeta5"2 + 1 2 * (x"2 + 5)
sage: -2*zz"3 - 2*zz"2 - 1

2.23606797749979 + 0.0000000000000588418203051332*|

sage:

514,258,25%(12),25°(16)]])

The table below lists the multiplicity of the eigenvalues ofy, for some

small values ofN :
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muylt. of mult. of mult. of mulf, of
N i N b N i%tﬁ ib N
4 2 1 0 1
5 2 1 1 1
6 2 2 1 1
7 2 2 1 2
8 3 2 1 2
9 3 2 2 2
10 3 3 2 2
11 3 3 2 3
12 4 3 2 3
13 4 3 3 3
In general, the multiplicity of = P N is equal to the rank ofM _Pgin
(14). According to Good [G], this is
P— P— P— P—
N N i N i N

GIN+AT [GIN+2)] [N D] [G(N +1)]

Here is theSAGEode verifying the last line of the rst table above:

sage: p = 13

sage: MS = MatrixSpace(CyclotomicField(p),p.p)

sage: z = CyclotomicField(p).gen()

sage: zz = exp(-2*pi*l/p)

sage: r = lambda k: [z7(*k) for j in range(p)]

sage: F = MS([r(k) for k in range(p)])

sage: F.fcp()

(x + -2*zetal3"11 - 2*zetal3"8 - 2*zetal3"7 - 2*zetal3"6 - 2* zetal3”5 - 2*zetal3"2 - 1)"3 *
(x + 2*zetal3"11 + 2*zetal3"8 + 2*zetal3"7 + 2*zetal3"6 + 2*z etal3"5 + 2*zetal3"2 + 1)™ * (x"2 + 13)"3

sage: 2*zzM1 + 2*zz"8 + 2*zzMT + 2*zz"6 + 2*zz"5 + 2*zz"2 + 1

-3.60555127546399 - 0.00000000000000177635683940025*|

Here is an example of such a function. Lgb be a prime number and
let "(j) = 1if j is a non-zero square mog and 1 isj is a non-zero non-
square modp and "(0) = 0. This is called the Legendre functionor the
quadratic residue symbollt turns out that (since the product of two squares
is a square and the product of a square with a non-square is anasquare)
that “(jk) = “(j) (k), for all non-zeroj; k. Also, it can be checked that, for
any 0< k < p, the set of multiples ofk mod p is the same as the set of all
integers modp:

fik jJ 2 Z=pzg:
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Therefore, the assumptions made in (15) and (16) above holdihe eigenval-
ues are sometimes calle@auss sumdut we shall not discuss them further.
Further information are available in the excellent papers Yy Good [G] and
McClellan and Park [MP].

3.2 The DFT and the coe cients of the FS

We saw in (10) the approximation which motivated the de nition of the DFT.
If f is a \nice” function on (0; P) and if "= (f (3P);f (+P); 5 f (R2P))
is the vector of sampled values df then

FS(f )« NiDFT(f‘)k; (17)

wherek ranges overf0;1;:::;; N  1g. Based on the approximation in (10),
one expects that the estimate (17) is only good whet=N is \small".

Example 25 Letf(x)= e * for 0<x < 1, extended periodically toR with
period P = 1. The graph looks something like:

Figure 11: Graph off (x), 1l<x< 2.
We compute itsk-th Fourier series coe cient:

. . . 1 el
f(x)e 2 ikx=P dX: e xe 2 ikx dX: e X 2 ikx dX:

1
“Tp5 . . 1+20k
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for all k 2 Z. Now, let

F=(fofyufe )=(1;e ™ e #N;u5e VDN

be the vector of sampled values. We compute kish DFT component:

P L
DFT (M = p = fie 28
— }\I_Ole =N g 2ikj=N
_ P }\I:Ol(e( L 2k )=N)y]
]_J_e 1 2ik
= TS T zTRON
1 el

= T TR -
The estimate (17) simply asserts in this case that

11 et 1 et
N1+2ik 1 & 12k)=N"

Is this true?
If we use the approximation

1
e X=1 x+ x>+
2

we see that, for \small"( 1 2ik )=N, 1 el 1 2k)=N 11 +2 ik ):
With N =10, even the rst few values aren't very close.

C DFT (M)« jo DFT (M)
0.63212 0.664253 0.03213
0.01561 - 0.09811i| 0.04775 - 0.09478 0.03231
0.003977 - 0.04998j 0.03615 - 0.04319 0.03288
0.001774 - 0.03344| 0.03401 - 0.02287 0.03392

WN PO X

Here is the list plot of the values gftcy, DFT (f)y]
and here is the histogram plot:
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Figure 12: List plot of jogc DFT (M), k=0;:::;9.

You can see from these graphs that the larggeN gets, the worse the

approximation is.
When N = 100 the approximation is about 10 times better, as is to be

expected.

k Ce DFT (M« joc  DFT (F)
0 0.6321 0.6352 0.003173

1 0.01561 - 0.09812* 0.01878 - 0.09808*I 0.003165
2 0.003977 - 0.04998*1 0.007143 - 0.04992*| 0.003166
3 0.001774 - 0.03344i 0.004939 - 0.03334* 0.003167

Here is the list plot of the values ofQjcc DFT ()] (the error has been
scaled up by a factor o0 so that the plot comes out nicer):
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Figure 13: Histogram ofjcc DFT (f)kj, k=0;:::;9.

Figure 14: List plot of joc DFT (f)kj, k=0;:::;99.

Here is the SAGEode for theN = 10 case:

sage: CC5 = ComplexField(15)
sage: N = 10
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sage: ck = lambda k:(1-exp(-1))/(1+2*pi*I*k)
sage: dftk = lambda k:(1/N)*(1-exp(-1))/(1-exp((-1-2*pi *I*k)/N))
sage: [CC5(ck(j)) for j in range(N)]

[0.6321,

0.01561 - 0.09812*,
0.003977 - 0.04998*I,
0.001774 - 0.03344*,
0.0009991 - 0.02511*,
0.0006397 - 0.02010*I,
0.0004444 - 0.01675*1,
0.0003265 - 0.01436*|,
0.0002500 - 0.01257*,
0.0001976 - 0.01117*I]
sage: [CC5(dftk(j)) for j in range(N)]

[0.6642,

0.04775 - 0.09479*,

0.03615 - 0.04319*,

0.03401 - 0.02287*,

0.03334 - 0.01024*,

0.03318 - 0.00000000000000005104*,
0.03334 + 0.01024*,

0.03401 + 0.02287*,

0.03615 + 0.04318%,

0.04775 + 0.09478*]

sage: [abs(CC5(ck(j))-CC5(dftk(j))) for j in range(N)]

[0.03213,

0.03231,

0.03288,

0.03392,

0.03560,

0.03825,

0.04256,

0.05021,

0.06631,

0.1161]

sage: L = [abs(CC5(ck(j))-CC5(dftk(j))) for j in range(N)]
sage: show(list_plot(L))

sage: J = range(N)

sage: s = IndexedSequence(L,J)

sage: (s.plot_histogram()).save("histogram-dftk-vs-c k10.png",xmin=-1,xmax=10,ymin=-0.5,ymax=0.5)

Let's try one more example.

Example 26 Let f (x) = x? for 0 < x < 1, extended periodically toR with
period P = 1. The graph looks something like:

You can enter this function and plot it's values, for 1<x < 2, in SAGE
using the commands
sage: f0 = (x+1)72; f1 = x"2; f2 = (x-1)"2
sage: f = Piecewise([[(-1,0),f0],[(0,1),f1],[(1,2),f2] )
sage: show(f.plot())

We compute, fork 6 0,

Zl
- 1 1
- 2, 2ikx - H
= x°e dX= ——+ —Ii
“= K2 K
The value fork =0 is ¢o = .

. _ P 1 "
Here is the plot of the real part of the partial sum 7, c.e?™* :
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Figure 15: Graph off (x), 1<x< 2.

Figure 16: Graph ofS;p(x), 1<x< 2.

sage: ¢ = lambda k : [*((2*k"2*pin2 - 1)/(4*k"3*pir3) + 1/(4* kA3*pin3)) + 1/(2*k"2*pir2)
sage: ps = lambda x: 1/3+sum([(c(k)*exp(2*I*pi*k*x)).rea I() for k in range(-10,10) if k!=0])
sage: show(plot(ps,-1,2))
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3.3 The DFT and convolutions

This section is based, not on Walker's book [W1] but on matexi in Frazier's
well-written book [F].
Let Z=NZ denote the abelian group of integers mol, and let

W =ff jf:Z=Nz! Cg:

This is a C-vector space which we can identify with the vector spadg" via
the mapf 7! (f (0);f (1);::;f(N 1)), VW ! CN. You can visualizeZ=NZ
as a circle withN equally spaced points and functions oA=NZ as \weights"
on each of these points:
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Figure 17: Circle representingZ=NZ.

De ne convolution by

Vi Vi ! Vi
N(f;@J)N 7! ng; (18)
where
X
(f o)(k) = f()ok 7):
"2Z=NZ

In other words, if "= (fo;f1;:5fn 1) andg=(0o; 0 on 1) then T gis
another vector, whosek-th coordinate is given by

X
(fF o= frok
"2Z=NZz
where are subscripts are computed mdd and represented in the set0; 1; :::; N

1g This binary operation onVy is commutative. In other words,f g=g f:
if =k ° then
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X X
(f (k)= FOak )= f(k "9g(9:

"2Z=NZ "2Z=NZ

We will be done once we show that (for eackh 2 Z=NZ) as * ranges over
all of Z=NZ, so does®= k . Butif "®misses something irZ=NZ, say x,
thqg k "6 xforall 2 ZP—-NZ, and so” 6 k Xx. This is a contradiction,
SO oz fO)ak )= gz f(k T99() =(g f)(k), as desired.

Example 27 Here is aSAGEession for computing the convolution:

sage: F = CyclotomicField(16)

sage: J = range(16)

sage: A = [F(0) for i in J]; A[0] = F(1); A[1] = F(1); A[2] = F(1); A[3] = F(1)
sage: z = F.gen()

sage: B = [z/(i)) for i in J]

sage: sA = IndexedSequence(A,J)
sage: sB = IndexedSequence(B,J)
sage: sA.convolution(sB)

zetaleN7 zetal6”6 zetalb”s5 - 1,
zetale™7 + zetal6”™6 - zetal6 - 1,

zetale”N7 - zetal6”2 - zetal6 - 1,
-zetale”3 - zetal6”2 - zetal6 - 1,
-zetalé™4 - zetalb”3 - zetal6”2 - zetal®,
-zetale”s - zetal6™4 - zetal6"3 - zetal6”"2,
-zetalé”6 - zetalé”5 - zetal6™4 - zetal6b”"3,
-zetale™7 - zetal6”6 - zetalb"5 - zetal6™4,
-zetale”N7 - zetal6”6 - zetalb”5,

-zetalb6™7 - zetal6”6,

-zetale”7,
0,000000000,0,0

(1,
zetalé + 1,
zetale”2 + zetalb + 1,
zetale”N3 + zetalb™2 + zetal6 + 1,
zetalé™4 + zetal6”™3 + zetal6”2 + zetal6,
zetale”5 + zetalt™4 + zetalb”3 + zetal6b”"2,
zetale”6 + zetal6”™5 + zetal6™4 + zetal6”3,
zetale™7 + zetal6”™6 + zetal6"5 + zetal6”™4,
+ +
+
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Let = y denote a primitive N™ root of unity in F (W, in the notation
above, is one good choice). Recall, fgr2 Vy, the discrete Fourier transform
of g was de ned by

A X N ~
g()= ag() 2 Z=NZ:
"2Z=NZ
Also, we de ned theinverse discrete Fourier transformof G by
1 X \
G-()= N G() Y2 Z=NZ:
2Z=NZzZ

A basic and very useful fact about the Fourier transform is tat the
Fourier transform of a convolution is the product of the Fouer transforms.
Here's the proof:

. P P . \
F 9"() = pormz ezl IC K
P k2z=nz T (K) ‘pZ=NZ aC k) .

kazenz T (K X oz 909

F7()g" ()

In coordinate notation:

DFT(f ¢« = DFT(PDFT (§«;
foral0 k N 1.

De nition 28 Forh 2 Vy,dene My : W ! W by

Mn(f) = (hf")-:
If denotes the componentwise product of two vectors,

(a0;aq;inan 1) (b iy 1) = (& ahy; a1y 1);
then, in coordinate notation,

My(f) = DFT *(h  DFT();

for {71 2 CN. A linear transformation T : Vy ! Vy of the form T = My,
for someh 2 Vy, is called aFourier multiplier operator.
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In other words, a Fourier multiplier operator (representedn the standard
basis) is a linear transformation of the fornFy 'DFy, whereD isanN N
diagonal matrix. Note that the product of two Fourier multiplier operators
is a Fourier multiplier operator: My, My, = M, h,-

Stereo systems and FMOsHere is one way in which Fourier multiplier oper-
ators can be thought of in terms of Dolby stereo (this is a grosly over-simplied
description but you will get the idea). Dolby cuts o the high frequencies, often
which are crackles and pops and other noise in the channel, rkang the music
sound nicer. How does it do that? Iff 2 Vi represents the digital sample of the
sound,DFT (f) = f" represents the frequencies of the sound. To cut o the high
frequencies, multiply DFT (f ) by some (Mlow-pass Iter") h 2 Vy which is 0 on
the high frequencies and 1 on the rest: you gehf *. To recover the sound from
this, take the inverse DFT, (hf A)—. This is the same sound, but without the high
frequencies. This \ Itered sound" is an example of a Fourier multiplier operator.

The following result appears as Theorem 2.19 of [F]. It chacterizes the
Fourier multiplier operators.

Theorem 29 LetT :Vy ! Vy denote a linear operator. The following are
equivalent:

1. T is translation invariant.

2. The matrix A representingT in the standard basis is circulant.
3. T is a convolution operator.

4. T is a Fourier multiplier operator.

5. The matrix B representingT in the Fourier basis is diagonal.

We shall de ne all these terms (convolution operator, etc)ige some ex-
amples, and prove this theorem.

Remark 1 As a consequence of the proof below, we shall show that, forldl;, g 2
W,

fog=(d'f")-:
Let M (N) denote the number of multiplications required to compute the DFT on
Vn. The above identity implies that the number of multiplicati ons required to
compute the convolutionf gisatmost2 M(N)+1. We shall see inx6.1 that
M(N) N(log,(N)+2). (This remark shall be applied in x6.2 below.)
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De nition 30 Let :Vy ! Vy denote thetranslation map: ( f )(x) =
f (x +1) (addition in Z=NZ). Note

D (XosXa5 X 1) TH (X5 Xo5 S XN 15 Xo):

We say an operatorT is translation invariant if the diagram

RE
? ?
Ty Ty
W ! Wn

commutes. (This phrase will be explained below.)

De ne the convolution operatof associated tog,

Tg:VN ' W
by Te(f)=f g

Remark 2 Here is a remark on the grammar used in the diagramatical
de nition of translation invariance above. The phrase \diggram commutes”
is a fancy way to say that, for eaciH 2 Vy (picking an element in the copy
of Vy in the upper left hand corner), the elementT( (f)) 2 Vy (mapping
from the upper left corner along the top arrow and down the rigt arrow

(f) 7! T( (f))) is equal to the element (T(f)) (mapping down the left
arrow and along the bottom arrow), as functions orZ=NZ. In other words,
T is translation invariant if and only if, for all k 2 Z=NZ and allf 2 V.,
we haveT ( (f))(k) = (T(f))(k).

Example 31 Let's look again at the operator neg Vy ! Vn, which sends
f (k) to f( k). Is this translation invariant? To answer this, we must see
whether or not ( (negdf ))(k) = (neg( f ))(k), for eachk 2 Z=NZ and each
f 2 Vu. We have, for example, ((negf ))(0) = (negf))(1) = f( 1) =
f(N 1)and (neg(f )Q)=( f)( 0)=( f)0O) = f(1). In general, these
two coordinares are di erent, so neg is not translation invaant”.

6As usual, the term \operator" is reserved for a linear transformation from a vector
space toitself.

7 However, if you restrict neg to the subspace ofVy of functions f for which f (N ) =
f (") then it is translation invariant (in fact, on this subspace, it is the identity).
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Lemma 32 The convolution operatorTy is translation invariant. In other
words, the diagram

Wl W
? ?
Tgy Tgy
W ! Wn

commutes, for allg 2 Vy.

In terms of the above theorem, this lemma says \3 = 1"

proof : Recall
X
To(F)(k) = fCak )
"2Z=NZ
for k 2 Z=NZ. We have
To( (F))(Kk) i(p (f) 9)k)

P 2znz(F)O)ak )
p 2zanzfC 1ok )

zanzf CO9k+1 9 (%= "+1)
To(f)(k+1) = (Tg(f))(k):

De nition 33 An N N matrix A is circulant if and only if

Ak = Aitimod N); “+1(mod N);
foral0 k N 1,0 °~ N 1.
In other words, to go from one row to the next in a circulant matx, just
\rotate" or cyclically permute the rows. In particular, (setting k = ~ = 1)
A1 = Ao = = Ann, SO all the diagonal entries must be the same.

Example 34 Let N =5. The matrix
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NWSr O
WhOOEFLDN
O, DNW
GFrLr NWA

is circulant.

Lemma 35 A linear transformation T : Vy ! Vy is translation invariant
if and only if the matrix representing it in the standard basiis circulant.

In terms of the above theorem, this lemma says \1) 2"

proof : SinceT : Vy ! Vy is linear, with respect to the standard vasis it
is represented by arN N matrix

Tf = AfT A =(Ay);
P

wheref™= (f (0); f (1); =;;f (N 1)). Inotherwords, T(f )(k) =, .y7 AT (),
for k 2 Z=NZ. For k 2 Z=NZ, we have

P .
TCENK) = 5 azanz Ak (1))
= p azanz Ak T ( +\1)
= yzenz Ao af (9
where the 29 subscript ofA;; is taken modN . Changing the dummy variable
“Oto °, this becomes

X
T( (F))(k) = A 1f O):

"2Z=NZ
On the other hand,

X
(T(F)(Kk) = A )

"2Z=NZ

Comparing coe cients, it follows that the linear transformation T is transla-
tion invariant if and only if its matrix A satis es: Ay = Ayii(mod N); “+1(mod N)
foral0 k N 1,0 °~ N 1. Butthisis true if and only if A is
circulant.
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Example 36 LetN =5andlet T :Vs! Vs be dened by

T(f)(k) = (CM;

whereC is as in Example 34 andis the column vectorf™= (f (0);f (1);f (2);f (3);f (4)),
for f 2 V5. Here is an example:

k 012 3 4
f(ky |1 01 0 0
f(kly |0 1 0 1 O
Tf(k) |4 7 5 8 6
(Tf)Kk) |6 4 7 5 8
T(f)K) |6 4 7 5 8

We see in this example thatT (f) = T (f), consistent with the fact

\2) =) @~

Lemma 37 If a linear transformation T : Vy ! Vy is translation invariant
then it is a convolution map.

In terms of the above theorem, this lemma says \1 )= 3".

proof : Let T denote a translation invariant linear operator. De neg 2
Wy by g(k) = Ao; k (mod N)> k2 Z=NZ. Then
X AN X ~ N
T(f)(0) = Aot ()= a( Hf();

"2Z=NZ "2Z=NZ

forall f 2 V. Replacingf by a translation (mod N) (note g is periodic
with period N) gives

T(F)(k) = p(T(F))(0)= T( “F)(0)

P 2zNz a( ") X ()

P 2zNz a( f(C+k

p eznz 9k (Y (0= "+ K)
= gz 9k OFC);

forall f 2 V. In other words, T is a convolution map.

Using the above lemmas, we see the connection between mapgmiby
circulant matrices and convolution operators.
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Lemma 38 If T :Vy ! Vy is a convolution operator then, represented in
the Fourier basis,T is diagonal.

This says (3) 39 (5).

proof : By hypothesis, T = Ty, for someg 2 Vy. Let us compute the
action of Ty on the function b, 2 Vy, whereb (") = %N . We have

P .
To@)(K) = p ozmz @™ gk )
= gz &0 9™Ng(9
N g () = g ()l (k);
soTy(h) = g'hh. If T is represented byA = ( Ajx), in the Fourier basis, then

X
T(h) = Apha

i

forO j N 1. Since theftqgj'\':o1 are linearly independent (they are a
basis, after all'), we may compare coe cients to concludeA;; = g"(j) for
allj andAjx =0 if j & k. In other words, A is diagonal, as desired.

In terms of the above theorem, this computation proves \3 » 5"

Lemma 39 T :Vy ! Vy is a convolution operator if and only if T is a
Fourier multiplier operator.

This says (3) () (4).

proof : SupposeT : W ! Wy is a convolution operator, sayT = Ty,
for someg 2 Vy. Let h = g" denote the inverse discrete Fourier transform
of g. The claim is that Ty = My, where My, is de ned as in De nition 28.
Since the Fourier transform of the convolution is the producof the Fourier
transforms, for eachf 2 V, we have ¢ g)" = f"g". Taking inverse Fourier
transforms of both sides gives

To(f)=f g=(g'f")-= Mg (f):
Therefore, if T is a convolution operator then it is also a Fourier multiplie
operator.
Conversely, suppos€é is a Fourier multiplier operator, sayT = My, for
someh 2 Vy. Let g = h-. The claim is that Ty = My. The proof of this
case also follows from the identityf( g)" =f"g".
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Lemma 40 If T :Vy ! Vy is diagonal, represented in the Fourier basis,
then T is translation invariant.

This says (5) 9 ().
proof : By hypothesis, there are constants; 2 C such that T(b)(k) =

‘b (k), foreach with O ~ N 1 and eachk 2 Z=NZp Therefore, if
f 2 Vy is expressed in terms of the Fourier basis d§x) = . cb(x) (for
¢ 2 C) then

T(F)(K) = * e b(k); k2 Z=NZ:

Now we compute

X X
(TE)K) = Tf(k+1)= ¢ ‘bk+1)= e 2N ¢ p(k);

and

X X X
f(k)= cb(k)= cbk+1l)= e?2™N cb(k):

SO
X X
T(F)K) == e?NcTh)k= e?2™Nc bk):

This implies T (f)= T (f), forall f 2 Vy, as desired.

We have: (3) 9 (1) (Lemma 32), (1) () (2) (Lemma 35), (1) 9
(3) (Lemma 37), (3) 9 (5) (Lemma 38), (3) ( (4) (Lemma 39), and
(5) =) (1) (Lemma 40). These lemmas taken together nished the prdo
of the theorem.

In the next section, we shall give an example of how the Cesarlter
gives rise to a Fourier multiplier operator.

4 Filters and reconstruction

Here is a problem which is sometimes called theconstruction problem Sup-
pose we know the Fourier series coe cients, of f (x) but we don't know
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f (x) itself. How do we \reconstruct” f (x) from its FS coe cients? The the-
oretical answer to this is very easy, it is (by Dirichlet's Tkeorem 8) simply
the FS expansion:

X .

f (X) — Crle2|nX=P :
n2z
Suppose that we modify this problem into a more practical oneSuppose

we know the Fourier series coe cientsc, of f (x) but we don't know f (x)
itself. Given some error tolerance> 0, how do we \reconstruct” (e ciently)
f (x), with error at most , from its FS coe cients? Practically speaking, a
\ lter" is a sequence of weights you apply to the FS coe cients to accomplish
some aim (such as approximating (x) \quickly", or Itering out \noise", or
...). Can we weight the terms in the partial sums of the FS to cuopute
an approximation to the value of a FS in a more e cient way thansimply
looking at partial sums alone? In this section, we examinevaal Iters and
see that the answer to this question is, in a speci ¢ sense,ag".

4.1 Dirichlet's kernel
Let

X )
SM (X) = Cke2 ijx=P

ji= M
denote the M -th partial sum of the FS of f. (This is a Iter, where the
weights are all 1 from M to M and O elsewhere. Sometimes the term
\rectangular window" is seen in the literature for this.) Hee is an integral
representation forSy, . First, recall that

Zp

G = % f(t)e 2I%P dt;
0

SO
P R __ _.
S = Mo f(De 2P dyeir
=L 0f@ L, el & 0Pt
R.© j= M (19)

s FOKS(x t)dt
fKgx);
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D 1 P M ijz=P
whereKy(z) = 57 = e?2P  (Note that Walker de ned the convo-
lution in a slightly di erent way than we do.) This function i s called the
Dirichlet kernel . It turns out this function has a nice closed-form expres-

sion:

_sin((2M +1) %)
K () = —5 sin(%) :

Some plots of this, for various values d¥l , are given below. You can see that
the graphs get “spikier and spikier" (approaching the Diradelta function,
) asM gets larger and larger.

(20)

Figure 18: List plot of values ofK 5 (x), M =5;10,50,P =2 .

The SAGEommands for this are as follows:

sage: M =5

sage: f = lambda z: (1/(M+21))*(sin((2*M+1)*z/2)/sin(z/2) )
sage: P1 = plot(f,-5,5)

sage: M = 10

sage: f = lambda z: (1/(M+1))*(sin((2*M+1)*z/2)/sin(z/2) )
sage: P2 = plot(f,-5,5)

sage: M = 50

sage: f = lambda z: (1/(M+1))*(sin((2*M+1)*z/2)/sin(z/2) )
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sage: P3 = plot(f,-5,5)
sage: show(P1+P2+P3)

Here is the proof of (20):

P eZijZ:P - e 2 iMz=P P 2M ezijzzp
ji= ™ j =0

- e 2 iMz=P e2i (2M +1) z=P 1

e2 iz=P
(ei @M 1) 2P o i (2M+1) 2=P )op;
(eiz:P e iz=P ):Zi
= @ 2iMz=P + i (2M+1)z=P iz=P sin(_ (2M +1) z=P)
sin( z=P )

= @ 2iMz=P

sin( (2M +1) z=P) .
sin( z=P ) !

as desired.

4.2 Cesro lters

Aside: Here is a historical/mathematical remark explaining the idea behind this. Start
with any in nite series,
X
g =—aptagtat+tazt
i
which, for the sake of this discussion, let's assume conveeg absolutely. This means that
the series of partial sums

So= ap; S1= apt ai; ;S2= apt+ ag + ap; il

. & . In particular, the series of arithmetic

P
has a limit - namely the value of the series ]

means

— — . — -1 — 1, .
Mo = So = ap; My = 3% = 3(ap+ Ao+ &) = &+ 7a;

m, = so+331+32 - % Qpt+tagtat+tat+a+t a2)= ap + %a1+ %az;:::

I . P :
also has a limiting value, namely the value of the series CE (After all, you are simply
averaging values which themselves have a limiting value.)rnl general,

x j

lg the early 1900's the basic observation that the limit of them;'s,asJ !'1 , is equal to
| & was applied by Fegr to the study of Fourier series. A more geeral convergence test
was devised by Cesaro, who generalized the \weights" 1 J’Tl used above. For historical

reasons, the \weights" 1 J‘Tl are sometimes calledCesro lters .
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P ,
As usual, let Sy (x) = jM: v &€ =P denote theM -th partial sum of
the FS off and let

c X iy 2 _ LY
Sy (x) = (1 m)cj e = M S (X):
ji= M j=0

The above historical discussion motivates the following teinology.

De nition 41  The M -th Cesro- Itered partial sum of the FS off is the
function Sg = Sy above.

As the graphs show, asVl gets Iarger,__t_heS,Ej 's approximate f \more
smoothly" than the Sy 's do. The factor (1 £!) have the e ect of \smoothing
out" the \Gibbs phenomenon spikes" you see near the jump disntinuities.

Example 42 As an example, here are the plots of some partial sums of the

Fourier series, and ltered partial sums of the Fourier sems.

Letf(x)= e *, 0<x< 1asin Example 25 above.

We shall use list plots, since they are easy to construct BAGE Here is
f again, but as a list plot:

Figure 19: List plot of values ofe *, 0<x < 1.
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85:

Figure 20: List plot of values ofSs(x), 0 <x < 1.

Figure 21: List plot of values ofSE(x), 0 <x < 1.

Note how the Gibbs phenomenom 8 is \smoothed out" by the lter -
the graph ofS¢ seems to be less \bumpy".
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810:

Figure 22: List plot of values 0fS;p(x), 0 <x < 1.

C.
Slo-

Figure 23: List plot of values ofSS(x), 0 <x < 1.
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Figure 24: List plot of values ofSys(x), 0 <x < 1.

C.
825-

Figure 25: List plot of values ofS5(x), 0 <x < 1.

In each case, we see that the Cesaro Iter \smooths out" thehe Gibbs
phenomenom of the partial sums of the Fourier series.
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Here is the SAGEode for theM = 25 case:

sage: FSf = lambda x:(sum([ck(j)*exp(2*pi*I*j*x) for j in r ange(-25,25)))).real()
sage: L = [FSf(j/50) for j in range(50)]
sage: show(list_plot(L))

sage: FSf = lambda x:(sum([(1-abs(j)/25)*ck(j)*exp(2*pi *I*j*x) for j in range(-25,25)])).real()

sage: L = [FSf(j/50) for j in range(50)]
sage: show(list_plot(L))

Here is an integral representation foS5 . First, recall that

1 2 P 2ijt=P
= — f(t)e <" dt;
G=p
SO
P R . "
SE0 = g owly (g f(he 2= dye?h=r
= ép o f@) M@ hyeri x v=P gy (21)
= Jf(MKm(x tdt
where
X i i
Ku(2)= = (1 =He?'=P .
Py M

This function is called the Fegr kernel (it is also sometimes referred to as
the \point spread function" of the lter). This has a simpler expression,

1 1 (sin((M +1) z=P))2_
PM+1 sin(z=P) '

This is included here not because we need it as much as becathseexpres-
sion is much easier to graph:

Kwm(2) =

You see how these functions seem to be, B ! 1 , approaching the
spiky-looking Dirac delta function. In fact, (as distributions) they do. (Adis-
tribution is a linear functional on the vector space of all compactly pported
in nitely di erentiable functions C! (R).) In other words,

Z Z

lim FOXO)Ku(x t)dx= f(x) (x t)dx=f(t):
M1 R R

This is the essential reason why, if is continuous atx, limy, S (x) =

f ().
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Figure 26: List plot of values of K  (x), M =5;10,50,P =2 (normalized
by 2 for simplicity).

The SAGEommand for this:

sage: M =5

sage: f = lambda z: (1/(M+21))*(sin((M+1)*z/2)/sin(z/2))» 2
sage: P1 = plot(f,-5,5)

sage: M = 10

sage: f = lambda z: (1/(M+1))*(sin((M+1)*z/2)/sin(z/2))" 2
sage: P2 = plot(f,-5,5)

sage: M = 50

sage: f = lambda z: (1/(M+21))*(sin((M+1)*z/2)/sin(z/2))» 2

sage: P3 = plot(f,-5,5)
sage: show(P1+P2+P3)

4.3 The discrete analog

There is a discrete analog of th&€, = Cy; which may be regarded as a
Fourier multiplier operator. This subsection is includeddr the purpose of il-
lustrating the notion of a Fourier multiplier operator by means of an example
(as you will see, our process of discretizing the Iter ruings usefulness).

If we replace the usual FT on (QP)
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Zp

f 7! o=ocf(f)= f(t)e 2P dt;

1
P o
by the DFT on CN,

f-7! DFT (P

then the Cesaro Iter becomes simply the modi cation

F71 (1 %)DFT(f‘)k:

If we dene 2 VW by (k) = (1 NL) then, in functional notation, the
Cesaro Iter becomes the modi cation

f70 % (f2W):
We de ne the Cesaro ltermap C:V,! Vy by

C(f)=(f")-

This operator C is, by construction, a Fourier multiplier operator:C = M .
Here is an example computation.

Example 43 Letf (x)=10x(1 x), 0<x< 1, which we sample aN =25
regularly spaced points. The plot of this function is an invied parabola,
passing throughO and 1 on the x-axis. Below, we plot botH and the real
part of C(f):

Figure 27: List plot of values of 1Q(1 x) and (the real part of) its image
under a FMO.
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4.4 Hann lter

As usual, letSy (x) =
FS off and let

M

iz v &€& PP denote theM -th partial sum of the

X -
Su (x) = Hu ()G e ;

=M

whereHy (x) = (1 + cos(7))=2 is theHann lter 8,

De nition 44 The M-th Hann- ltered partial sum of the FS off is the
function Sfj = Sy above.

Here is an integral representation foS{} . Since
z

G = 1 F)f(t)e 2IEP - dt;
P o ’
we have
P R ) i}
S0 = B wHR()E( f(he 2I=P dje?=r
1 Pf(t) M H ()82” (x t)=P dt (22)
Rp 0 ji= m v
= o FOKHx t)dg
where
H 1 X : ijz=P
Kn(2) = ) Hu ()€ :
i= M

This function is called theHann kernel This has a simpler expression,

K@= @K@+ KR+ )+ KE@E o)

whereK © is the Dirichlet kernel.

8With 0:54 + 0:46 cos@y-) instead of Hy , you get the Hamming Iter . We shall not
describe this due to its similarity with the Hann lter.
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Example 45 Consider the odd function of period 2 de ned by

1, 0 x< =2

F(x)= 2; =2 X<

We use SAGHo compare the ordinary partial sum Syg(x) to the Hann- ltered
partial sum Shh(x) and the Gesaro- Itered partial sum SS,. As you can see from
the graphs, the Itered partial sum is \smoother" than Syp(x) and a slightly better
tthan S$%.

Figure 28: Plot off (x), S5 (x). Plot of f (x), S5,(x). Plot of f (x), Sy(X).
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The SAGEommand for this:

sage: f1 = lambda x:-2

sage: f2 = lambda x:1

sage: f3 = lambda x:-1

sage: f4 = lambda x:2

sage: f = Piecewise([[(-pi,-pi/2),f1],[(-pi/2,0),f2],] (0,pi’2),f31,[(pi/2,pi),f4]])
sage: P1 = f.plot_fourier_series_partial_sum_hann(20,p i,-5,5)

sage: P2 = f.plot(rgbcolor=(0.8,0.3,0.4))

sage: P3 = f.plot_fourier_series_partial_sum(20,pi,-5, 5)

sage: P4 = f.plot fourier_series_partial sum_cesaro(20 ,pi,-5,5)

sage: show(P1+P2+P3+P4)

4.5 Poisson summation formula

Let (x) be the Dirac delta function. The Poisson summation formulaan
be regarded as formula for the FT of the \Dirac comb™:

X
(x) = (x Pn):
n=1
We shall not need this formulation, or any of the many very irgresting
generalizations of this formula. In the next section, it wil be applied to
proving the Shannon sampling theory, so we only present henat we need
for that.

Theorem 46 (Poisson summation) Assume thaP > 0is xed and

f be a continuous function,
the function

X
fp()= f(x o)

P
n2z

converges uniformly ol P=2; P=2], and

X on..

Jf“(E)J
n2z
converges.
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Then
(o)™ .
n2z n2z P

proof : This theorem says that then th Fourier series coe cient of the
perioic functionfp is

1,0
Ch = 5(\(5),

where heref" denotes the Fourier transform (orR). This identity is veri ed
by the following computation:

R .
Ch, = é OPfP )e 2 ix=P dx
= b L Pf(x nP)e 2P dx

222 (n+1)Pf 2ix=P gy
— LRZ? (Ex)engix:P (dxx)e
2o
p'\p/

as desired.

4.6 Shannon's sampling theorem

Let f be a continuous function periodic with periodP. So far, we have
started with sampling values off (x) at N equally spaces points to get a
vector f~ = (f (,L—P))j=0;1;:::;N 1, then computed its DFT, which we showed
was a good approximation to the FS coe cients:

R f (x) 7! f
&= o (e 21P dx 5 DFT (M«
- @2 ikx=P $ 1° N 1peT WK Y g g
f(x) k27 Ck (N i=o (P« Jk=0:1::N 1

Based on this, we might expect that (x) can be approximately reconstructed
om its sample values alone. For example, perhaps sometthihke f (x) §
ikjsn DF T (M)k€™=F  might be true. Shannon's Sampling Theorem says
that, under certain condtions,f (x) 2 L(R) is completely determinedrom
its sampled values.
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We sayf 2 L1(R) is band limited if there is a numberL > 0 such that
f\(t) = 0 for all t with jtj > L. When such anL exists and is choosen as
small as possible, the numberl2is called the Nyquist rate and the number
i is the sampll_ng perlod_

De ne the \sink" function

sin( x ). )
. _ . X60;
sinc(x) = 1; ” otherwise
Theorem 47 (Shannon's Sampling Theorem) Assumé is as in the above
theorem and thatf 2 L(R) is band limited with Nyquist rateP = 2L. Then

X n
f(x)= f (I)sinc(ZLx n):

n2z

proof : Let fp be de ned analogously tof » above. The Poisson formula
gives
hy) = o, fy o
p(Y) p2Z (3//\ E).
p noz [ (B
nzzf( %)eZIy_P )

1
p
1
p

sincef(x) = f( x). By hypothesis, f{y) = 0 for jyj > P=2, sofp(y) is
merely a periodic extension of . Let
_ Ly P
W= g jyi>p=2

s0, by hypothesisf(y) = 5 (y)fp(y). Multiply both sides of

X .
W= b= 2" 10 0) (e

n2z
by €™ and integrate over P=2<y < P=2. On one hand,
AP Z
fy)e™ dy=fy)&™ dy=f(x);
R

P=2

and on the other hand,
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P . :
2F ezt (Lp) P(NEYT X dy

=5 nezfh B) pn pM)EVT E dy

Rp

P p=2 P
- nZZf ( %)S(X + %)’
where

LY dy = sinc( z ):

4.7 Aliasing

Obviously most functions are not band limited. When a functin is not band
limited but the right-hand side of the above \reconstruction formula” is used
anyway, the error creates an e ect called \aliasing." This B0 occurs when
one uses the reconstruction formula for a smaple rate lowdran the Nyquist
rate.

Aliasing is a major concern in the analog-to-digital conveion of video
and audio signals.

Theorem 48 (Aliasing Theorem) Assumef is as in the above theorem and
that the FT of f 2 L(R) satis es

A
ity 1+ y))

for some constantsA > Oand > 0. Then

X n

f(x)= f (I)sinc(2Lx n) + E(X);

n2z
whereE (x) is an \error" bounded by

) . 4A _

JE(X)] W
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5 Discrete sine and cosine transforms

Recall that, given a di erentiable, real-valued, periodicfunction f (x) of pe-
riod P = 2L, there area, with n 0 andh, with n 1 such thatf (x) has
(real) Fourier series

x nx . ,2NnX
FSe()X) = 2+ fagcosCoo) + by sinZ D)
n=1
where
Z Z
2°FP nx 1- ¢t nx
a, = =) . f (x) cos(zT) dx = L Lf(x) cos(T) dx;
and 7 7
2°°F _2nX 17t _onX
b, = =) . f(x)sm(T) dx = L Lf(x)sm(T) dx:

Whenf is even then theb, = 0 and we call the FS acosine series When
f is odd then thea, = 0 and we call the FS asine series In either of these
cases, it suces to denef on the interval 0<x <L instead of O<x<P .

Let us rst assumef is even and\discretize" the integral for thek-th
coe cient of the cosine series and use that as a basis for deng the discrete
cosine transform or DCT. Using the \left-hand Riemann sum" pproximation
for the integral usingN subdivisions, we have

R
ac = 2 . f(x)cos(®-)dx

P . i=
25 MM (Lj=N ) cos(Ut) L (23)

P . :
= 27 MM (Lj=N ) cos(kj=N ):
This motivates the following de nition.
De nition 49  The N -point discrete cosine transform (or DCT) of the vector
"=(fo;unfn 1) 2RV is

K 1
DCT (Mg = f; cos(kj=N ),
j=0
where 0 k<N .
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This transform is represented by theN N real symmetric matrix
(COS(kj=N ))0 ik N 1-

Example 50 When N =5, we have

1 1 1 1

[N
[N

01 0 1 1 1 1
1 cos(g)  cos( 27) cos( 5-)  cos( %) 1 0:8090  0:3090 0:3090 0:8090
% 1 cos(%-) cos@d &) cos( &)  cos( 8?) E = % 1 0:3090 0:8090 0:8090  0:3090 E
1 cos( %) cos( %) cos( L) cos( 17) 1 0:3090 0:8090 0:8089 0:3090
1 cos(4)  cos( &) cos( %) cos( 1§ ) 1 0:8090 0:3090  0:3090 0:8089
and

0

o

o 0 0 o, O 0:.0000 0:0000 0:0000 0:0000 0:0000
0 sin(g)  sin( 7) sin( %) sin( %) 0:0000 0:5877  0:9510 0:9510 0:5877
0 sin( %) sin@d %) sin( &) osin( By & = % 0:0000 0:9510  0:5877 0:5877 0:9510 E:
0 sin( %) sin( &) sin( &) ) 0:0000  0:9510 0:5877 0:5878  0:9510
0 sin( ) sin( 8?) sin( 22—)  sin( ) 0:0000 0:5877 0:9510 0:9510 0:5878

Here is the SAGEode for producing the DCT above::

sage: RRR = RealField(15)

sage: MS = MatrixSpace(RRR,5,5)

sage: r = lambda j: [RRR(cos(pi*j*k/5)) for k in range(5)]
sage: dct = MS([r(j) for j in range(5)])

Next, assumef is odd and\discretize" the integral for the k-th coe -
cient of the sine series and use that as a basis for de ning thigscrete sine
transform or DST. Using the \left-hand Riemann sum" approxmation for
the integral usingN subdivisions, we have

be =2 ROL f (x)sin(%-) dx

P i KL
25 LM (Lj=N ) sin(+82) L (24)

P . o
= 27 N M (Lj=N)sin(kj=N ):
This motivates the following de nition.

De nition 51  The N -point discrete sine transform (or DST) of the vector f~=
(fo=0;f1;unfn 1) 2 RN is

g 1
DST (M = fj sin(kj=N );
j=1
where 0 k<N.
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This transform is represented by theN N real symmetric matrix
(sin(ikj=N ))o jx ~ 1. Since the O-th coordinate is always = 0, since sin(0) =
0, sometimes this is replaced by a mapST : RN 11 RN 1 represented
bythe (N 1) (N 1) real symmetric matrix (sin(kj=N ))1 jx ~ 1.

One di erence between these de nitions and the de nition othe DFT is
that here the N samples are taken from (L), whereas for the DFT theN
samples are taken from ((P).

Is there some way to compute the DCT and the DST in terms of the BT
of a function? Letf = (fqo;fq; N fon 1) and compute, forO K< N,

- P N 1f eiki=N
P | P o
— t_ e|kJ—N +k( 1)k ) i\lNolfN+je|kJ=N
=0, (f +( 1)*fnej)e™
i (fp,+( 1¥fy.) cos(ki=N )
+i o (Fi + (1)) sin(kj=N )
DCT(§+( 1)kﬁ)k+ iDST (g+( 1)N);

DFT (M«

whereg = (fo;fq;:fn 1) and o= (fy;fners i foy 1). Here the DFT is
based on A sample values, whereas the DCT and DST are each based on
N sample values.

Letg=(0o;01; 50w 1) 2 RV andletg = (go; 0155 gv 1;0;::5;0) 2 RN
denote its \extension by zero" toR?N. The above computation implies

DCT (g« =Re(DFT(g)k);  DST(gk =Im(DFT (§)«);

for0 Kk <N . In particular, if we can nd a \fast" way of computing the
DFT then we can also compute the DCT and the DST quickly. We tum to
such e cient computational procedures inthe next section.

6 Fast Fourier transform

The fast Fourier transform is a procedure for computing theidcrete Fourier
transform which is especially fast. The term FFT often looge refers to a
hybrid combination of the two algorithms presented in this sction.

The algorithm described rst, due to James Cooley and John Tkey [CT],
works when the number of sample valua¥ is a power of 2, saN = 2", for
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some integerr > 1. This special case is also referred to as thadix-2
algorithm. This is the one we will describe in the next section.

6.1 Cooley-Tukey algorithm (radix- 2)

First, we assume that the powers oW (namely, 1,W, W~, ..., W" ) have
been precomputed. Note that the computation of the DFT orCN requires
N 2 multiplications. This is because the matrixFy isN N and each matrix
entry is involved in the computation of the vectorDFT (f) 2 CN. If M(N)
denotes the number of multiplications required to computehie DFT then
the above reasoning shows that

M(N) N2

To improve on this, the Cooley-Tukey proceduras described next. Let
N =2M for the argument below. To be clear about the notation, leWy =

e N soWﬁ, = Wy. Let = (fg;f1; 5 fn 1) 2 CN be the vector we want
to compute the DFT of and write

foven = (fo;foy i fn 2) 2 CMy o foga = (Fosfaify 1) 2 CM:
We have, forO0 k<N,

P -
DET (M)« Pj“':olfjw’N 5

Yvi o7 (2j+1) k
O PV PRV )k
= J!VlzoleJ'WM"'WN jM=01f21'+1WJ|v|

K
DFT (feven)k + Wy DFT (foda)k:

(25)

Theorem 52 For eachN =2, M(N) N (L+2).

proof : We prove this by mathematical induction onL. This requires
proving a (base case) stepl = 4 and a step where we assume the truth of
the inequality for N=2 and prove it forN.

The number of multiplications required to compute the DFT wlenN =4
is 16. ThereforeM(4) 4 (2+2).

Now assumeM (N=2) N? (L +1). The Cooley-Tukey procedure (25)
shows thatM (N) 2 M (N=2) + N=2. This and the induction hypothesis
implies
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M(N) 2 M(N=2)+ N=2 2(NE (L+1))+ N=2=(L+1+1=2)N:
Thisis N (L +2).

Example 53 When N =8, the DFT matrix is given by

0 1
1 1 1 1 1 1 1 1
1 5 g 8 1 8 § 8
A SR B
=Bl g s 1 g 3 8
8 1 1 1 1 1 1 1 1
1 8 4§ s 1 s § 5
1 ¢ 1 ¢ 1 & 1 g
1§ 5§ 8 1 § & s
and the DFT matrix for N=2 = 4 is given by
0 1
1 1 1 1
_B1 .4 1 4 § .
Fa = ?@ 1 1 1 1K°
1 4 1 4

Let £~ = (0;1,2,3;4;5/6,7), SO feven = (0;2,4;6), foaa = (1;3,57). We
compute

0 1
28
4% 42 4g 4
42 4
nro | 48T 4
43 42+45 4
4% 4

43+4 2+4 3 4

Let Z denote the diagonal matrix with §'s on the diagonal0 k 7. (This

matrix represents the factorsW‘,iI in the formula (25) above.) It turns out to
be more useful for computations to split this matrix up intowo parts:
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0 1 0 1
1 0 0 O s 0 0 O
_ 0800§_ _%o 5’00§.
Zl‘%00820’22‘00860'
0 0 0 ¢ 0 0 0 ¢
Note Z, = Z,. For the rst 4 coordinates, we use
0 1
28
43 42 4 4
Fafeven + Z1F4foda = % 8 4 g 4 8 g
8
43+4 % 45 4
and for the last4 coordinates, we use
0 1
4
43 42+4 4
I:4f~‘even + ZZF4f~0dd = % 8 4 g 4 ® §
8
43+4 2+4 4 4

We see that, as (25) predictsFgf™ is equal to[F4feven + Z1Fafodd; Fafeven +

Z5F 4% %ad]-
Here is the SAGEode for the above computations.

sage: MS4 = MatrixSpace(CyclotomicField(4),4,4)

sage: MS8 = MatrixSpace(CyclotomicField(8),8,8)

sage: V4 = VectorSpace(CyclotomicField(4),4)

sage: V8 = VectorSpace(CyclotomicField(8),8)

sage: z4 = CyclotomicField(4).gen()

sage: z8 = CyclotomicField(8).gen()

sage: r4 = lambda k: [z4"(j*k) for j in range(4)]

sage: r8 = lambda k: [z8"(j*k) for j in range(8)]

sage: F4 = MS4([r4(k) for k in range(4)])

sage: F8 = MS8([r8(k) for k in range(8)])

sage: f = v8([0,1,2,3,4,5,6,7])

sage: fe = V4([0,2,4,6])

sage: fo = V4([1,3,5,7])

sage: FFTe = [(F4*fe)[j]+z8"j*(F4*fo)[j] for j in range(4) |
sage: FFTo = [(F4*fe)[j]-z8"j*(F4*fo)[j] for j in range(4) ]
sage: FFTe+FFTo

[28,
-4*zeta8"3 - 4*zeta8"2 - 4*zeta8 - 4,
-4*zeta8”"2 - 4,
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-4*zeta8"3 + 4*zeta8"2 - 4*zeta8 - 4,
-4,

4*zeta8"3 - 4*zeta8"2 + 4*zeta8 - 4,
4*zeta8”2 - 4,

4*zeta8"3 + 4*zeta8"2 + 4*zeta8 - 4]
sage: [(F8*f)[j] for j in range(8)]

[28,

-4*zeta8"3 - 4*zeta8"2 - 4*zeta8 - 4,
-4*zeta8”"2 - 4,

-4*zeta8"3 + 4*zeta8"2 - 4*zeta8 - 4,
-4,

4*zeta8"3 - 4*zeta8"2 + 4*zeta8 - 4,
4*zeta8"2 - 4,

4*zeta8"3 + 4*zeta8"2 + 4*zeta8 - 4]

Finally, we give an example which only illustrate SAGE implementation
of the FFT (which calls functions in the GSL [GSL]), as compad to its
implementation of its DFT (which is implemented in Python bu calls Pari
for the computations involving N -th roots of unity over Q):

sage: J = range(30)

sage: A = [QQ(int(10*(random()-1/2))) for i in J]
sage: s = IndexedSequence(A,J)

sage: time dfts = s.dft()

CPU times: user 0.86 s, sys: 0.04 s, total: 0.90 s
Wall time: 0.94

sage: time ffts = s.fft()

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.00

sage: J = range(3000)

sage: A = [QQ(int(10*(random()-1/2))) for i in J]
sage: s = IndexedSequence(A,J)

sage: time ffts = s.fft()

CPU times: user 0.21 s, sys: 0.00 s, total: 0.21 s
Wall time: 0.21

As you can see, for a sample vector i63°°, SAGEan compute the FFT in

about %-th of a second. However, of you try to compute the DFT using tis
example, SAGHwill probably give you an error related to its extreme size.
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6.2 Rader's algorithm

In this subsection, we assumé®l is prime. Here we breiy describe an algo-
rithm due to Rader [Ra] for computing the DFT onVy for prime N.

The basic idea is to rewrite the DFT onVy as a convolution onVy ;.
Remark 1 is then used to show that this convolution can be comafed using
a \fast" algorithm.

The rst step in the algorithm is to select an elementg, 1<g<N 1,
which has the property that every elemeny in f1;2;::;; N 1g can be written
in the form y = g* (mod N) for somex. This elementg s called aprimitive
root (mod N) (or a generator of (Z=NZ) ), where Z=NZ) = Z=NZ
f0g. Here is a table of primitive roots for various small prime$N, and a
demonstration, in the caseN = 17, that g =3 is indeed a primitive root:

p|[3 5 7 11 11 13 17 19 23

9|2 2 3 2 2 2 3 2 5
k |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
F(modN) [1 3 9 10 13 5 15 11 16 14 8 7 4 12 2 6

The SAGEommand which produces the smallest primitive root (mod\)
is primitive_root(N) . For example, the above tables were produced using
the commands

sage: [primitive_root(p) for p in [3,5,7,11,13,17,19,23] ]
2, 2, 3, 2, 2, 3, 2, 5]

sage: N = 17; g = 3

sage: [g"k%N for k in range(N-1)]

[1, 3, 9, 10, 13, 5, 15, 11, 16, 14, 8, 7, 4, 12, 2, 6]

The next step in the algorithm is to rewrite the DFT onV as a convo-
lution on Vy ;. Tothisend, x f 2 Vy anddeneh;;h, 2 Vy 1 as

hi(x)= f(g %); ha(x)= e 29",
forx2f0;1;2;::;N 2g=Z=(N 1)Z. For k =0 we compute

DFET(f)x= DFT(f)o=f(0)+ f(1)+ ::+ f(N 1)
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For " 6 0, we let m = m(") denote the element of 0; 1;2; ::;; N 2g such that
"=g ™. Fork 60, we let n = n(k) denote the element of 0;1; 2;:::;;N 29
such thatk = g". Now write

P .
DFT(f )k — NzolfF(\)e 2ik’=N
f (0) + N 1f N 2ik’=N
©+ p M1 (e 2N
— f(0)+ P z:ozf(g m)e 2ig " M=N
= f(0)+ Loz hi(m)hy(n - m)
= f(0)+ hy hy(n):

This is a convolution onVy ;. If N 1 is a power of 2 (e.g., foN = 17)
then use Remark 1 and the radix-2 Cooley-Tukey algorithm desbed in the
previous section to quickly computeh; h,. If N 1 is not a power of 2,
the best thing to do is to let P denote the smallest power of 2 greater than
N 1 and extend bothh; and h, by 0 to the rangef0; 1;2;::;;P 1g (this is
called \padding" the functions). Call these new functiond1; and h,. Using
DFT(f)x = f(0)+ hy hy(n) (wherek = g"). We now have expressed the
DFT on Vy in terms of a convolution onVp, whereP  2N. By Remark
1, we know that this can be computed in cN log,(N) multiplications, for
some constantc 1 (in fact, c = 4 should work if N is su ciently large).

7 Fourier optics

Fourier optics is a special topic in the theory of optics. Gabreferences are
Goodman [Go] and chapter 5 of Walker [W1]. This section owesuch to
discussions with Prof. Larry Tankersley of the USNA Physicdept.

The object of this section is to describe a method for computy cer-
tain quantities arising in defraction experiments. I'll try to describe these
experiments next.

Consider a monochromatic light source having wavelength. For ex-
ample, the light emitted from a laser would t this®. Imagine x- and y-
coordinates in the aperture plane. The aperture functio\(x;y) is de ned

°In reality, a laser beam is too narrow, so a series of lenses lisquired to widen it and
then straighten out the light rays. You need to make sure thatthe beam is wide enough
for it to be possible to place a small aperture (a slit or defration grating, for instance) in
front of it to allow only the light through that the aperture.
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to be 1 if light can pass though the \slit" at (x;y) and 0 otherwisé®. The
light which passes through the aperture is pictured on a s@nr. It is this
pattern which we wish to describe in this section.

Figure 29: Slit experiment set-up for Fourier optics model.

0(1t is even possible to image values oA(x;y) in the range between 0 and 1 representing
a partially opaque screen, though we shall not need this hereHowever, we do assume\
is real-valued.
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When the aperture is a square (whose sides are aligned paghtb the x-
and y-axes), the image projected on the screen of this experimdobks like
a dotted plus sign, where the dots get fainter and fainter asiey move away
from the center. A square slit di raction pattern is pictured below*!:

Figure 30: Square aperture di raction experiment, BetzlefB].

The goal of this last section will be to describe the mathemiss behind this
\dotted plus sign" square slit di raction pattern.

7.1 The mathematical model

The theory we shall sketch is called scalar defraction theorA special case
which we shall concentrate on is the Fraunhofer defraction malel.

Let L denote the distance from the aperture to the screen, (as above)
the wavelength of the light, anda > 0 the width of the slit. The Fresnel
number? is the quantity F = 2. When F 1 the screen is \su ciently
far" (past the \Fresnel threshold") from the aperture that the wavefronts

created by the slit have negligable curvature.

1This image is copyright Prof. Dr. Klaus Betzler and reproduced with his kind per-
mission (stated in an email dated May 2, 2007)
2pronounced \Fre-nell".
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Here is Wikipedia's imagé® [WFd]:

Figure 31: On this diagram, a wave is di racted and observed at point . As this
point is moved further back, beyond the Fresnel threshold, Faunhofer di raction
occurs.

We also assume that the index of refraction of the medium is 1If a light
ray of wavelength travels fromP to Q, points at a distance ofr = jjQ Pjj
from each other, at timet then the light amplitude (Q;t) at Q arising from
this light ray satis es the property

QD= (P;n=—

where (P;t) is the light amplitud